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Abstract

Dynamic consistency demands that a decision maker’s preferences over contin-
gent plans agree with his preferences in the planned-for contingency. What counts
are the contingencies the decision maker envisages — and plans for — rather than con-
tingencies selected by a theorist. We show how this simple point resolves some cru-
cial purported difficulties for ambiguity models in dynamic settings. Firstly, when
properly formulated, dynamic consistency is compatible with consequentialism and
non-expected utility. Secondly, the perspective provides a principled justification for
the restrictions to certain families of beliefs (a la Epstein and Schneider (2003)) in
applications to dynamic choice problems. Thirdly, the value of information under
non-expected utility is revealed to be non-negative as long as the information offered
does not compromise information that the decision maker had otherwise expected to
receive. We also give behavioral foundations for the contingencies the decision maker
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1 Introduction

1.1 Motivation

One of the principal challenges in, and to, the literature on non-expected utility models
for decision under uncertainty is that posed by application in dynamic situations. Violation
of expected utility purportedly brings with it some problematic consequences, which have
been at the base of criticism of the whole literature on ambiguity (for some examples, see Al
Najjar and Weinstein (2009) and discussions in Epstein and Le Breton (1993), Ghirardato
(2002)). Putting aside subtleties in the terminology and definitions, the gist of the problem
lies in the argument that consequentialism — the decision maker ignores sunk costs (or
the history in the decision tree) when deciding at any node — and dynamic consistency —
the decision maker’s preferences over contingent plans agree with his preferences in the
planned-for contingency — are incompatible with non-expected utility. Given the primae
facie attraction of these properties of dynamic choice, not to mention their importance
for economic applications, the option of abandoning one of them to leave space for non-
expected utility is unappetizing. All the worse, some have concluded, for non-expected
utility theories.

The main thesis of this paper is that this generally accepted state-of-play rests on a
mistake. Standard formalizations of the dynamic consistency principle use sets of contin-
gencies that are effectively imposed by the theorist. However, since the principle involves
the decision maker’s plans, it is the contingencies that he himself envisages — and plans
for — that are relevant under any reasonable version of the principle. Once the principle
is formulated with the contingencies the decision maker himself envisages, the apparent
incompatibility with non-expected utility is resolved.

This apparently innocuous point has wide-ranging conceptual and economic ramifica-
tions. First of all, it implies a reconceptualization in terms of what the decision maker
envisages about his future states of belief. Dynamic consistency, as considered in the liter-
ature on decision under uncertainty, is revealed to be essentially a condition on the relation-
ship between two sorts of belief: the decision maker’s current beliefs about the state of the
world and his beliefs about what he will believe in the future about the state of the world.

Secondly, this relationship turns out to be particularly strong in certain cases: so strong,
in fact, that one can draw conclusions, just on the basis of the decision maker’s current

beliefs, about what he thinks he might believe in the future, and hence about the contin-
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gencies he envisages. In particular, the standard modelling assumption that the decision
maker is using the same decision tree as the theorist implies that his ex ante beliefs must
be of a certain form. In perhaps the most significant economic contribution of the paper,
this observation provides a principled justification for the restriction to a specific family of
beliefs in the application of non-expected utility models to dynamic choice problems. In
such problems, the use of a set of beliefs not in this family implies that the decision maker
do not think that he is facing the decision tree used by the theorist.

Thirdly, the approach provides a new perspective on the purported propensity of non-
expected decision makers to turn down free information. Information about the decision
tree that the decision maker is faced with may impact upon his beliefs about his future
beliefs, and hence, in the light of the implications mentioned above, his current beliefs.
Incorporating this factor into his choice of whether to accept free information, it turns out
that he will always accept an offer of free information, as long as it does not compromise
information he had otherwise expected to receive.

In the rest of the Introduction, we present the notion of dynamic consistency, explain
our challenge to the standard argument against non-expected utility, and set out the main

contributions and plan of the paper, as well as some relations to existing literature.

1.2 Dynamic consistency, events and epistemic contingencies

To present the notion of dynamic consistency for decision under uncertainty, let us
adopt the standard setup in the literature, where a decision maker has ex post and ex ante
preferences over acts — functions from a given (‘objective’) set of states of the world, called
the state space and understood to represent all payoff-relevant factors, to a set of conse-
quences. We focus on the dynamic consistency of preferences, rather than the dynamic
consistency of behavior (see for example Strotz (1955); Karni and Safra (1989, 1990);
Siniscalchi (2009, 2011)). Put succinctly, dynamic consistency demands harmony be-
tween ex ante preferences over contingent plans and preferences after the realisation of
the planned-for contingency: the decision maker’s ex post preferences correspond to his ex
ante preferences over plans involving the contingency in question. At first glance, applica-
tion of this principle would seem to require determining which contingencies the decision
maker envisages holding, and hence plans for. Somewhat surprisingly, there is little discus-

sion of this question in the literature. Rather, it is generally assumed that one can associate
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to any pair of acts two contingencies — one in which the acts necessarily yield the same
consequence, and one in which this is not the case. The idea is that the acts can be thought
of as plans for the contingency in which they differ. In this way, one avoids the question
of which contingencies the decision maker himself envisages; the contingencies are, so to
speak, imposed by the theorist in the pairs of acts considered.

An important consequence of this approach is that the contingencies are events, that is,
sets of states of the world. It is clear on reflection that, strictly speaking, the contingencies
that the decision maker plans for cannot simply be events, because they must factor in the
fact that the decision maker knows them to hold. A decision maker does not plan for the
contingency that event A holds but he does not know it, and it makes no sense to speak
of his preference or state of belief after having learnt that such a contingency has arose,
for that is not something that he can learn. Taking contingencies as events is shorthand:
the contingency is not strictly speaking the fact that the event in question has occurred, but
rather the fact that the decision maker learns that the event has occurred. Hence planned-for
contingencies are more accurately represented not by events, but rather by future possible
states of knowledge or belief (or by the preferences generated by these states of belief). We
call these epistemic contingencies.

This pedantry would be of no interest if it did not undermine the practice described
above of considering contingencies to be events on which acts yield the same or different
consequences. Although, as we have seen, any event has a natural epistemic contingency
corresponding to it (namely, the contingency that the decision maker learns only that the
event in question has occurred), the converse is not true. A contingency in which the de-
cision maker alters his probability for a certain event without giving it probability O or 1
(for example, by some form of non-Bayesian learning) is an epistemic contingency which
cannot be naturally associated to an event. More importantly, what counts as overlapping,
disjointness and exhaustivity for contingencies differs between events and epistemic con-
tingencies. Whilst a (non-empty) event A and the event containing the whole state space
S are not exclusive, the epistemic contingency in which the decision maker learns only
that A and that in which he learns nothing (ie. where he learns S) are: they cannot both
concurrently occur. This has important consequences when one considers which contin-
gencies may need to be planned for. While, when reasoning with events, planning for the

eventualities A and A° exhausts all possibilities, this is not the case when the contingencies
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Figure 1: Dynamic consistency in the standard (static) Ellsberg urn (values in dollars)
R|B|Y
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are epistemic: learning only that A, learning only that A¢ and learning nothing are three
distinct epistemic contingencies, each of which occurs without any of the others occurring.
Hence, even considering the decision maker’s preference between acts that only differ on
the event A, it does not follow that the only contingencies that he envisages — and plans for
— are necessarily (learning that) A and (learning that) A¢: he could equally well envisage,
and plan for, the contingency in which he learns nothing (or, indeed, the contingencies in
which he learns only B or only B¢ for a different event B).

The set of epistemic contingencies that the decision maker envisages at a particular
moment forms a decision tree; we shall call this the decision maker’s subjective tree. The
set of events that the theorist considers also forms a tree; since these trees can be defined
independently of considerations regarding the decision maker’s opinion on the relevant
possible future states, we shall call these objective trees. As noted above, the class of
objective trees can be embedded into the class of subjective trees, in the sense that for each
objective tree, there could exist a decision maker who envisages all and only the (epistemic
versions of) the events in that tree. However, there are subjective trees that correspond to no
objective tree. For such trees, the argument that consequentialism and dynamic consistency
rule out non-expected utility behavior does not go through.!

To illustrate this point, let us consider a standard example of violation of expected
utility for decision under uncertainty, the Ellsberg one-urn example. Consider a decision
maker who is told that an urn contains ninety balls, thirty of which are red (R), and the

rest of which are black (B) and yellow (Y) in an unknown proportion, and is asked for his

'Tt might be objected that if the decision maker’s envisaged future states of belief — the ‘subjective infor-
mation structure’ he is using, if you will — are relevant, then they should be represented explicitly in the state
space. As discussed in Section 2.2 (in particular, Remark 2), a setup involving such an extended state space
is equivalent to the one used here, and all the points made below continue to hold when reformulated in these

terms. See also Appendix A.
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Figure 2: Dynamic consistency in the standard (dynamic) Ellsberg urn

preferences over the bets on the colour of a ball drawn from the urn shown in Figure 1.
The standard preference pattern is f; < g; and f5 > ¢, violating the sure-thing principle
(Savage’s P2 (1954)).

A standard formulation of the argument against these Ellsberg preferences using the
principles of consequentialism and dynamic consistency is as follows. One considers not
only the decision maker’s preferences over the bets in Figure 1, but one also imagines that,
after the ball is drawn, the decision maker receives information as to whether the ball is
yellow or not (and no other information), and is asked again for his preferences over the
bets. Using frp to refer to the partial act, defined on the event {R, B},> and coinciding
with f; and f> on these states, and similarly for grp, one can, the story goes, represent
the decision maker’s choices before and after the information is revealed by the trees in
Figure 2. Consequentialism demands that all that counts are the consequences of one’s
choices; hence, in particular, it demands that the choices made at the B nodes in Figure
2(b) are independent of the values that could have been won if the ball were yellow (ie. the
upper branches of the trees). So the choices made at B and B, are the same. Dynamic

consistency in preferences asks for coherence between one’s preferences over contingent

2A partial act is a partial function from states to consequences, defined on a subset of the state space.
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plans concerning future options and one’s preferences in the appropriate contingencies.
So, if the decision maker prefers f; to g; at node A; in Figure 2(a), then, since the only
difference between the consequences yielded by these bets occurs when the ball is not
yellow, this can be thought of as a preference over plans for the contingency that the ball
is not yellow. Dynamic consistency thus demands that he prefer f; to g; at node B; in
Figure 2(b) (after the resolution of the uncertainty about whether the ball is yellow or not).
Similar reasoning applies to the right hand trees (nodes A; and Bs) and the acts f> and gs.
It follows that, contrary to the Ellsberg preferences, the decision maker must have the same

preferences over f5 and g- as over f; and g;.

(b) Ex post choice situation

Figure 3: Dynamic consistency in the non-standard (dynamic) Ellsberg urn (choice be-

tween f; and g;)
This argument is most naturally read as involving objective trees, especially given that

7
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the trees in Figure 2 are motivated by the choice of acts considered, independently of con-
siderations about the contingencies the decision maker himself envisages. Certainly, if
these trees were read as involving epistemic contingencies, then they involve a non-trivial
assumption: that the decision maker envisages only two future states of belief — one in
which he learns (only) that the ball is yellow and one in which he learns (only) that it is
not. This assumption is far from innocent: it does not hold, for example, for a decision
maker who envisages that he might learn whether the ball is yellow or not, but also that he
might learn nothing.? In this case, the appropriate (subjective) decision trees are not those
in Figure 2 but rather those given in Figure 3 (we only give the trees for the choice between
f1 and gq; the trees for the choice between f, and g, are similar). There are three branches
corresponding to the epistemic contingency in which the decision maker learns that the
ball is yellow (denoted here with inverted commas to emphasise the difference from mere
events), the epistemic contingency in which he learns that the ball is not yellow, and the
contingency in which he learns nothing at all (denoted ““ ”’: the message is empty). On these
trees, dynamic consistency can no longer be applied as in the argument presented above.
It applied non-trivially on the trees in Figure 2 because the choice at the initial node in the
ex ante case (node A;) corresponds to the choice at a single node (B;) in the ex post case,
and hence can be interpreted as a plan for that node. By contrast, in Figure 3, the choice
between the acts f; and g; at node A does not correspond to the choice at a single node
in the ex post case; thus it cannot be thought of as a plan for a single ex post contingency.
Hence dynamic consistency does not necessarily apply — for example, if the preferences
over f; and g; differ at nodes B and C' in Figure 3(b), then dynamic consistency does not
imply anything about the choice in Figure 3(a). So the argument against Ellsberg-style
behavior no longer goes through. This illustrates a general point that will be made precise
in the sequel: consequentialism, non-expected utility preferences and dynamic consistency
are not necessarily incompatible, if dynamic consistency is defined using subjective trees,

with the contingencies the decision maker does in fact envisage.

3To give another example, it also does not hold for a decision maker who thinks that he might learn either

whether the ball is yellow or not, or whether he has won his bet or not.
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1.3 Outline of the paper

This paper has three aims. The first is to develop the rebuttal of the standard argument
from dynamic consistency and consequentialism to expected utility in the context of deci-
sion under uncertainty. The second, and economically most important aim is to confront
the proposed perspective with some of the toughest purported problems for non-expected
utility models in dynamic contexts, such as application in dynamic choice problems and
the question of value of information. The final aim is to fully defend the central notions of
the proposal, and in particular that of epistemic contingency.

A first step will be to propose a formal representation of epistemic contingencies. As-
suming, as is standard in this literature, that the decision maker’s utility function remains
fixed, we shall take contingencies to be states of belief, interpreted as the future states of
belief that the decision considers possible ex ante. Although most of the main points con-
tinue to hold for other non-expected utility models, for concreteness we shall work with
the maxmin expected utility model (Gilboa and Schmeidler, 1989),* and accordingly take
epistemic contingencies to be sets of priors. We thus implicitly assume that the decision
maker forms preferences according to the same decision rule in all contingencies as well
as ex ante (this assumption has been explicitly discussed in Eichberger and Kelsey (1996);
Sarin and Wakker (1998), for example).

We then go on to formulate a notion of dynamic consistency in terms of these epistemic
contingencies, and show that it is possible in general for non-expected utility decision mak-
ers to satisfy this condition in conjunction with consequentialism; the point illustrated in
the example above does indeed hold in general. The main conceptual contribution of the
paper lies in the observation that dynamic consistency in the context of decision under un-
certainty demands harmony between two sorts of belief: the beliefs the decision maker
currently has about the state of the world (which determine his current preferences, includ-
ing his preferences over plans), and the beliefs he has about what he will believe about the
states of the world (which correspond to the possible future preferences he envisages). As
an illustration, we characterise the constraints the decision maker’s anticipations about his
future beliefs place on his current beliefs, under dynamic consistency.

We then turn to the consequences of this refined version of dynamic consistency for

“It seems that versions of all results except the representation theorem (Theorem 1) are relatively easy to

obtain for many other non-expected utility models.
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economic applications. In standard applications to dynamic situations, it is often implic-
itly assumed that the decision maker knows the decision tree with which he is faced, and
that this tree is as described by the theorist. In the current setup, these are cases where
the decision maker’s subjective tree corresponds to an objective one. We show that this
particular form of the subjective decision tree has consequences for the decision maker’s
current beliefs, if he is to satisfy dynamic consistency with respect to epistemic contin-
gencies. It implies that his ex ante set of priors satisfies a ‘factorisability’ property that
is the equivalent in our framework of Epstein and Schneider’s (2003) rectangularity. It is
sometimes suggested that the need for a restriction to such rectangular sets of priors is a
limitation of the Epstein and Schneider (2003) approach. Our result can be interpreted as
showing that this criticism is unfounded: the specific shape of the set of priors is a conse-
quence of the standard assumption that the decision maker is using the same decision tree
as the theorist. This non-arbitrary vindication of the use of a restricted family of sets of
priors of the sort suggested by Epstein and Schneider (2003) is perhaps the most significant
economic contribution of the paper. Since this is the key to treating sequential choice prob-
lems, it shows that the approach developed here provides a solid, well-defended account of
dynamic choice under non-expected utility.

Another pressing question concerning dynamic choice concerns the value of informa-
tion, which is standardly argued to be possibly negative for non-expected utility decision
makers (Al Najjar and Weinstein, 2009; Siniscalchi, 2011). The proposed approach implies
a reconceptualisation of the issue, insofar as the decision maker’s choice to accept an offer
of information that he had not previously anticipated obtaining entails a change in his en-
visaged future states of belief. Given the relationship between envisaged future beliefs and
current beliefs mentioned above, it follows that the latter may also change on learning that
he will obtain the information; indeed, this change will occur even before the information
is actually received. To the extent that this change is a result of his choice to accept the
information, the situation has the flavour of a moral hazard problem. Incorporating these
elements, we show that, when properly defined, the value of information is non-negative
whenever the information offered does not compromise the reception of other information
that the decision maker was previously expecting to receive.

An important difference between the objective and subjective trees on which the pre-

ceding considerations are based is the question of foundations. Whereas objective trees are
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part of the setup, as posed by the theorists, subjective trees incorporate the contingencies
that the decision maker envisages, and hence encapsulate elements of his state of mind.
However, without some connection to observable choice behavior (beyond the apparent
violation of dynamic consistency), the notion of epistemic contingency, and the previous
considerations building on it, are on shaky ground. The final contribution of the paper is to
treat this issue, by providing behavioral foundations for this notion.

The paper is organised as follows. Section 2 describes the framework and the repre-
sentation of epistemic contingencies used. In Section 3, the notion of dynamic consistency
on subjective trees is defined, and immediate consequences, including the possibility of
satisfying dynamic consistency in tandem with consequentialism and non-expected util-
ity, are explored. Section 4 examines the case of a decision maker whose subjective tree
corresponds to an objective one, and the consequences for the application of non-expected
utility models to dynamic problems. Section 5 analyses the consequences of the perspective
developed here for the question of value of information. The final section, Section 6, pro-
vides choice-theoretical foundations for the notion of epistemic contingency that underlies

the proposed approach. Proofs are collected in an Appendix.

1.4 Related Literature

The literature on dynamic consistency is too large to be cited in its entirety. A thorough
discussion of the question and the literature on dynamic arguments for expected utility
under risk is given in Machina (1989); papers showing or discussing the inconsistency
between dynamic consistency, consequentialism and non-expected utility in the case of un-
certainty include Hammond (1988); Epstein and Le Breton (1993); Ghirardato (2002). Of
the papers introducing update rules for non-expected utility models or considering dynamic
choice in these models, the closest is without doubt Epstein and Schneider (2003). Indeed,
as explained in Section 4, the notion of P-rectangularity introduced here is essentially a
version of their rectangularity condition adapted to our framework, and there are evident
technical similarities between Proposition 4 and their results. However, as explained in
the subsequent discussion, the conceptual contributions are different, so much so that our
result can be read as a vindication of their restriction on sets of priors. Their approach
has been adopted with other non-expected utility models (for example Maccheroni et al.

(2006); Klibanoff et al. (2009)), and the perspective developed here applies similarly.

11
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Conceptually, the closest suggestion to the one proposed here that we have been able
to find was made in Gilboa et al. (2009), where it was suggested that some of the events
required to exhibit violations of Savage’s Sure Thing Principle (P2) in some of the Ells-
berg examples are ‘highly contrived’ and ‘will never be observed by the decision maker’.
However, as they remark, this point does not hold for the Ellsberg one-urn example that
we considered in Section 1.2. Indeed, the approach proposed here focusses on what the
decision maker expects to learn, rather than what he can learn or observe.

The argument that non-expected utility decision makers may exhibit aversion for in-
formation has been proposed by Wakker (1988) for the case of decision under risk (see
also Machina (1989) and references within); see Eichberger et al. (2007); Al Najjar and
Weinstein (2009) for an analogous argument for the case of decision under uncertainty.
Siniscalchi (2011) contains a thorough and insightful discussion of the issue, though ar-
rives at a diagnosis that is clearly very different from ours.” For Siniscalchi, the nub of
the matter lies in the trade-off between information acquisition and commitment: if com-
mitment is more valuable than information acquisition, then the decision maker may turn
down the information. The approach set out here, by contrast, draws on the fact that the
choice to accept an offer of information will affect one’s envisaged possible future states of
belief. If this change involves a loss of some other information that the decision maker had
previously expected to receive, then he may turn down the offer.

As discussed in Section 6, the representation result proposed there can be understood
(technically) as a contribution to the literature on preference for flexibility or decision mak-
ing under unforeseen contingencies initiated by Kreps (1979, 1992); Dekel et al. (2001).
The closest result in that literature to the current one is doubtless Epstein et al. (2007, The-
orem 2), insofar as both our representation (5) and their representation (8) involve a set — of
utilities in their case, of priors in ours — in each contingency, and use a maxmin rule. How-
ever, they use an expected utility ‘aggregator’ to form ex ante preferences, where we use a
dominance aggregator (see Remark 7), and they use a richer framework (and, accordingly,
different proof methods), involving lotteries over menus. Other related approaches (though
not in the menu framework) include Mukerji (1997); Ghirardato (2001).

Other relations (notably technical ones) with existing literature are mentioned at appro-

priate points in the discussion.

>Machina (1989) attributes a similar approach to the issue for decision under risk to Edi Karni.
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2 Preliminaries

2.1 Setup and technical notions

We use a version of the standard Anscombe-Aumann framework (Anscombe and Au-
mann, 1963), as adapted by Fishburn (1970). Let S be a non-empty finite set of states,
and let X be the set of subsets of 5, called events. A(X) is the set of probability measures
on (S,X). Where necessary, we use the Euclidean topology on A(X). X is a nonempty
set of outcomes endowed with a metric under which it is compact; a consequence is a
Borel probability measure on X. A(X) is the set of consequences; where necessary, we
use the weak convergence topology, under which this space is compact metric (Billings-
ley, 2009, p 72). Acts are functions from states to consequences; A is the set of acts,
endowed with the product topology, under which it is compact metric. A is a mixture set
with the mixture relation defined pointwise: for f, hin Aand a« € R, 0 < o < 1, the
mixture af + (1 — a)h is defined by (af + (1 — a)h)(s,z) = af(s,z) + (1 — a)h(s,x).
The mixture relation is extended to sets of acts and acts pointwise: for A € A, h € A
and 0 < a < 1, A+ (1 —a)h = {af + (1 —a)h | f € A}. We write f,h as
short for af + (1 — «)h and similarly for A,h. With slight abuse of notation, a con-
stant act taking consequence c for every state will be denoted c and the set of constant
acts will be denoted A(X). We use o to denote the set of closed non-empty subsets of;
hence, in particular, p(.A) is the set of closed non-empty subsets of .A4. Where required,
we use the Hausdorff topology on ©(A) (see for example Aliprantis and Border (2007,
Section 3.17)). For any A € p(A), conv(A) is the set of finite mixtures of elements of
A: conv(A) = {d aifil a; € [0,1] with )" o; = 1, fi € A}. It is obvious that
conv(A) € p(A).

The symbol < (potentially with subscripts) will be used to denote preference relations
over A; as standard < and ~ denote the asymmetric and symmetric parts of <. We adopt
the standard notion of null event with respect to a preference relation <: an event A < S
is <-null iff f ~ g whenever f(s) = g(s) for all s € A°. Throughout, we shall use < to
denote the decision maker’s current preference relation.

Finally, we introduce some standard properties of functions J : R" — R. J is: constant
additive if J(x + ae) = J(x) + a for all x € R™, a € R and where e is the unit vector;
positively homogeneous if J(ax) = aJ(x) for all x € R", a = 0; monotonic if J(x) =

J(y) for all x,y € R" such that x; > y; forall ¢ € {1,...,n}, and strongly monotonic if
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it is monotonic and J(x) > J(y) for all x,y € R" such that z; > y; foralli e {1,...,n}

with strict inequality for some .

2.2 Epistemic contingencies

Until Section 5, we shall work under the assumption that the set of epistemic contingen-
cies the decision maker envisages is given; in Section 6 we do away with this assumption
and give a choice-theoretic foundation for this set. Moreover, as is standard, we shall im-
plicitly assume a situation where there are two time periods: the current (ex ante) one and
the future (ex post) one. In accordance with a significant number of non-expected utility
models (Gilboa and Schmeidler, 1989; Ghirardato et al., 2004), we represent the decision
maker’s beliefs about the state of the world by sets of priors, that is convex, closed sub-
sets of A(X).% The closed convex set C = A(X) represents the decision maker’s current
beliefs. The set of closed convex sets {C; }c;, where I is a finite index set, represents the fu-
ture beliefs the decision maker envisages himself as possibly having. These can be thought
of as the epistemic contingencies the decision maker anticipates possibly being in. To fo-
cus on the issue of dynamic (in)consistency related to non-expected utility, we assume, as
standard, that the decision maker uses the same affine utility function u : A(X) — R ex
ante and ex post. Finally, we assume that the decision maker’s preferences (both ex ante
and ex post) can be represented according to the maxmin expected utility rule (Gilboa and
Schmeidler, 1989). According to this rule, preferences <’ corresponding to a set of priors

C' are such that, for every f,g € A, [ < g iff

(1) min ), u(f(s))p(s) < min ), u(g(s))p(s)

Note that expected utility preferences correspond to the special case where the set of priors
is a singleton.

It follows from these assumptions that <, the decision maker’s current preference re-
lation, satisfies (1) with respect to C. Let <; be the preference relation on A satisfying

(1) with respect to C; (for all + € I). Note that, under the aforementioned assumptions,

For simplicity, we abstract from the debate about the degree to which, given the lack of separability of
ambiguity and ambiguity attitude in some of these models, the sets of priors can be thought of as (purely)
beliefs.

14
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using the set of envisaged ex post beliefs {C,};c; to represent the set of epistemic contin-
gencies is equivalent to using a representation by the set of ex post preferences {<;}cs,
with each preference relation satisfying the Gilboa and Schmeidler (1989) axioms. For
ease of presentation, we shall often use the representation in terms of preferences in the
next few sections. Note that, whilst < can be taken as an observable primitive, the set
{<}ier cannot.

Remark 1. Consequentialism states that the decision maker’s ex post or conditional preference does
not depend on ‘other branches’ in the decision tree. The standard formulation, which says that
preferences conditional on an event A do not depend on what the acts deliver on A° (Ghirardato,
2002), does not capture consequentialism in the current framework, since the <; do not necessarily
correspond to updating on events. Nevertheless consequentialism is implied by the fact that the ex
post preferences are determined entirely by the set of priors and the utility function: if other parts
of the tree had an influence on the preferences under this contingency, then (1) would not be an
appropriate representation of these preferences. Given that it is tacitly assumed in the framework,
we shall not explicitly mention the condition in subsequent discussion.

Remark 2. An alternative setup would involve expanding the state space so that the decision maker’s
ex post beliefs are explicitly represented in the states. As discussed in Appendix A, under the appro-
priate assumptions, this framework is essentially equivalent to the one proposed above; moreover,
all the points made below could equivalently have been in this ‘extended state space’ framework.
Similar remarks apply to other possible setups, such as those involving a subjective state space in
the style of Kreps (1992); Dekel et al. (2001) or a space of ‘signals’ or an information structure,
beyond the objective state space .S. See also Remark 6 (in Section 5) on the relation to information

structures, and Remark 7 (in Section 6) on the relation to the literature on subjective state spaces.

3 Dynamic consistency on subjective trees

In Section 1.2, we saw on a simple example how dynamic consistency on subjective trees,
involving epistemic contingencies, does not imply expected utility preferences, even in the
presence of consequentialism. In the current section, this point is made more rigorously:
we formulate a version of dynamic consistency for subjective trees, and give an exam-
ple to show that dynamic consistency, consequentialism and non-expected utility ex ante
preferences are compatible, for all sets of anticipated ex post preferences (that is, for all

subjective decision trees). In order to explore what dynamic consistency implies for non-
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expected utility models, we shall also briefly consider its consequences for the relationship

between ex ante and ex post preferences in the case of maxmin expected utility preferences.

3.1 Introducing Dynamic Consistency

To introduce the definition of dynamic consistency over subjective trees, it is reasonable
to begin with the standard dynamic consistency condition over objective trees considered
in the literature. Despite considerable differences between authors, the following condition

seems to be fairly representative.

Standard Dynamic Consistency (SDC). For every f, g € A and partition {A,},e; of S, if
J <4, g for every <-non-null A, then f < g, and moreover, if any of the <, orderings

are strict, then so is the < one.

Here <4, are the preferences conditional on A;. Another standard condition used in the
literature (see for example Ghirardato (2002)) is the special case of this condition applied
to two-element partitions and acts which coincide on one element of the partition. It is
straightforward to show that, given transitivity of preferences, this condition is equivalent
to the one given above.

Standard Dynamic Consistency (SDC) captures the idea that when faced with any ob-
jective decision tree, comprising of a partition of events, if the decision maker will always
prefer one act to another in all of the future eventualities, then this is the case under his cur-
rent preferences. This corresponds to the requirement that his ex ante preferences should
be coherent with his ex post preferences in the relevant contingencies, under the assump-
tion that the relevant contingencies are the events of a partition. As argued previously, this
assumption does not hold in general, and when it does not, then the ex post preferences
that count are those in the (epistemic) contingencies that the decision maker does in fact
envisage ex ante — that is the set of anticipated future preferences <; — rather than those
in the contingencies corresponding to the events imposed by the theorist — the <4,. It is

straightforward to extend SDC to incorporate epistemic contingencies, and subjective trees.

Dynamic Consistency (DC). For all f,g € A, if f <; ¢ for all <;, then f < ¢, and

moreover, if any of the <; orderings are strict, then so is the < one.

This is a straightforward modification of Standard Dynamic Consistency, where the

preferences conditional on events in a partition are replaced by the anticipated future pref-
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erences. Note that the non-nullness condition is not needed, because the set of preferences
{<; | i € I} is assumed to contain only the future preferences that the decision maker en-
visages, and already leaves out future contingencies to which he gives ‘probability zero’.
This is the refined notion of dynamic consistency that we propose, and with which we shall
work throughout the rest of this paper.

Remark 3. Whilst SDC involves universal quantification over objective decision trees (in the form
of quantification over the partitions of the state space), DC does not involve universal quantification
over subjective decision trees (ie. over all possible sets of epistemic contingencies). One reason for
this is that there is no normative justification for such quantification, least of all from the (English-
language formulation of the) dynamic consistency principle itself. The principle is concerned with
the decision maker’s preferences over contingent plans, and these involve the contingencies he ac-
tually envisages, not a set of contingencies that he could have but in fact does not envisage. Indeed,
since he does not envisage such counterfactual sets of contingencies, there is no need for him to plan
for them, so dynamic consistency has nothing to say about them. Moreover, adding quantification
over sets of epistemic contingencies to DC would yield an empty condition, which can never be
satisfied.” Finally, the apparent analogy between a quantified version of DC and SDC may be an
artefact of the setup adopted here; as shown in Appendix A, when SDC is formulated appropriately
in an extended state space with epistemic contingencies represented in the states, it turns out to be

equivalent to DC.

3.2 Dynamic Consistency and Non-expected utility

As explained in the Introduction, a classic argument shows that Standard Dynamic Con-
sistency and Consequentialism (in tandem with other basic assumptions on preferences)
implies that the ex ante preferences are represented according to expected utility. This no
longer goes through when SDC is replaced by Dynamic Consistency, which makes ref-
erence to epistemic contingencies rather than partitions of events. Indeed, no matter what
epistemic contingencies the decision maker envisages, there exists a non-expected utility ex
ante preference that satisfies Dynamic Consistency with respect to this set of contingencies

(recall from Remark 1 that consequentialism is automatically satisfied in the framework

A simple way to see this is to consider two sets {<;}ier, {<;} es of epistemic contingencies, where
an event A is null with respect to each preference relation in {<;};c; and A€ is null with respect to each
preference relation in {<};c;. No ex ante preference relation can satisfy DC with respect to both of these

sets.
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used here).

Proposition 1. For any set D of probability measures on I with p(i) > 0 for all i € I and
p € D, let <p be the preference relation represented according to (1) with the set of priors

Cp = {D.c;p(1).qi| pe D, q; € C;}. Then <p and {<;}ie; satisfy Dynamic Consistency.

This can be thought of as a possibility result, showing that once one recognises and
adopts the contingencies which the decision maker himself envisages, dynamic consistency
ceases to be inconsistent with non-expected utility theory. Rather, for any non-singleton set
of anticipated ex post preferences (ie. for any non-trivial subjective decision tree), there is
a non-expected utility ex ante preference satisfying dynamic consistency with respect to

them: it suffices to take Cp for any non-singleton D.

3.3 Respecting Dynamic Consistency

If Dynamic Consistency does not imply expected utility, then one might wonder what
conditions it does place on ex ante preferences. Conceptually, this is basically a question
concerning the relationship between two sorts of beliefs the decision maker has: his cur-
rent beliefs about the state of the world — which determine his ex ante preferences — and his
beliefs about what he will believe in the future about the state of the world — which corre-
spond to the epistemic contingencies he envisages. What constraints do what the decision
maker thinks about his future possible states of belief place on his current beliefs?

Technically, the question is analogous to the problem of aggregating non-expected util-
ity decision makers’ preferences. Indeed, dynamic consistency is evidently a strong dom-
inance or Pareto condition on potential future preferences with respect to current prefer-
ences, of the sort commonly used in the literature on aggregation. Moreover, as noted by
Cres et al. (2011), forming ex ante preferences with the set of priors given in Proposition
1 is equivalent to using a maxmin expected utility functional as the ‘aggregator’ of ex post
maxmin EU preferences into ex ante ones.® However, as has been noted in literature on
aggregating sets of priors, dynamic consistency does not imply that the decision maker

must aggregate his future preferences according to this maxmin EU aggregator. (Cres et al.

$Their Propostion 1 shows that using the set of priors Cp = {Y,.; p(i)g:| p € D, ¢; € C;} to form
maxmin EU preferences over acts is equivalent to evaluating an act by its maxmin expected ex post valu-

ation, taken with the set of priors D, over the set of ex post functionals.

18



Brian Hill Dynamic Consistency and Ambiguity

(2011, Section 2.3) give an example where this is not the case.) In fact, the aggregator may

be more general, albeit not very illuminating, as the following proposition shows.

Proposition 2. {<;};c; and < satisfy Dynamic Consistency if and only if there exists a con-

stant additive, positively homogeneous, monotonic function ¢ : R — R that is strongly
monotonic on Ra((mingec, Y qu(-)p(s))ier) such that mingee Y, qu(f(s))p(s) =

G((mingpee, 3 oeq ulf (8))p(5))ier) for all f € A.

Here Ra((minpec, ¥,.cq u(-)p(s))ier) S R’ is the range of the (minyec; ..cs u(-)P(s))icr-
Ghirardato et al. (2004) provide a representation of constant additive, positively homoge-
neous and monotonic functionals in terms of a generalised a-maxmin expected utility rep-
resentation, and this could be substituted into this proposition without changing its mean-
ing.

Whilst technically useful below, this result is conceptually not particularly enlighten-
ing. It does have the virtue of showing that the refined version of Dynamic Consistency
proposed here is not empty: it does impose non-trivial constraints on one’s current beliefs
(C) given one’s beliefs about one’s future beliefs ({C; }.c;). Whilst, for largely technical rea-
sons, there seems to be little more that can be said in general about the relationship between
the ex ante set of priors and the ex post sets of priors under DC, in certain specific cases the
relationship may be stronger and more interesting, as we shall see in the next section.
Remark 4. One can find supplementary conditions beyond DC that characterize the maxmin EU
aggregator used in Proposition 1. One such condition draws its intuition from the observation that
although there are cases where maxmin EU decision makers can satisfy dynamic consistency with-
out taking a maxmin EU aggregator of their anticipated future preferences, such ways of aggregating
future preferences are fragile in the sense that, if the set of ex post preferences happened to be differ-
ent, the aggregated current preferences will generally not belong to the maxmin EU family. Hence

the following notion of robustness of an aggregator.

Definition 1. An aggregator ¢ : R — R is robust if, for every set of maxmin EU preferences
{<i}ier, the derived preferences <, defined by f < g iff ¢((minpec, D cqu(f(5))p(s))ier) <

d((minpee; D eq u(g(s))p(s))ier) forall f, g € A, is a maxmin EU preference.

A rule for aggregating one’s anticipated future preferences into a current preference is robust if,
irrespective of what one’s future preferences are, whenever they are maxmin EU one is guaranteed to
have maxmin EU current preferences. This notion is all that needs to be added to DC to characterize

the maxmin EU aggregator.
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Proposition 3. ¢ is a robust aggregator satisfying DC iff there exists a unique set D of probability
measures on I with p(i) > 0 for all i € I and such that ¢(x) = minpep Doy p(1)T;.

4 Dynamic consistency and dynamic choice problems

We now turn to some economic consequences of the refined notion of dynamic consis-
tency. Economists are often interested in cases where the decision maker is told which
decision tree he is facing, and where this is the (objective) decision tree used by the the-
orist. At first glance, these cases would seem to pose a challenge for the approach de-
veloped above, given its reliance on the notion of subjective decision tree. Consider, for
example, a maxmin EU decision maker considering the Ellsberg urn, with set of priors
{p| p(B) € 10,2], p(R) = 3} (where B is the event that the black ball is drawn and R is
the event that the red ball is drawn). Suppose that he is told that he will be faced with the
‘Dynamic Ellsberg’ decision tree given in Section 1.2 (Figure 2(a)). This decision maker
cannot satisfy both dynamic consistency and consequentialism: herein lies the problem,
and, it seems, the introduction of a refined notion of dynamic consistency involving epis-
temic contingencies does nothing to alleviate this difficulty. Moreover, in many dynamic
problems, such as planning problems, intertemporal portfolio problems and applications
to saving, these are precisely the sorts of implications of non-expected utility models that
inhibit the use of standard techniques, such as backwards induction (or ‘folding back’)
methods. In this section, we examine to what extent the proposed approach can handle
such cases.

From the perspective of the framework introduced above, the situations just described
concern decision makers whose subjective decision trees corresponds to objective ones.
An objective decision tree involves as contingencies the events in a (finite) partition P of
the state space. In the situations described, each of the decision maker’s epistemic contin-
gencies {<;};c; corresponds to learning exactly one of these events (and no two epistemic
contingencies correspond to the same event). Hence, the subjective tree corresponds to
the objective tree with partition P precisely when, for each ¢ € I, there exists exactly one
element A; of P such that A{ is <;-null, and for any ¢, j € I, if i # j, then A; # A;. If this
holds for a set of epistemic contingencies {<;};c; and a partition P, we say that {<;},c; is

P-ontic.
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As the following result shows, under this assumption, dynamic consistency places a

strong constraint on the form of the decision maker’s ex ante set of priors.

Proposition 4. Let {<;};c; and < satisfy DC. Suppose moreover that, for some partition
P, {<i}icr are P-ontic. Then there exists a unique set D of probability functions on I with
p(i) > 0 forallie I and p € D, such thatC = {),._; p(i).qi| p € D, q; € C;}.

For a partition P and a set of priors C, we say that C is P-rectangular if for every
A; € P there exists a set C; of probability measures with support in A;, and there exists a
set Cy of probability measures on P such that C = {ZAjGP p(Aj).q|peCy qgeCi}. A
‘P-rectangular set of priors has a particular ‘shape’: it can be ‘factorized’ into a set of priors
over P multiplied by sets of priors on each element of the partition. This may be thought
of as the equivalent in the present setup of the notion of rectangularity defined by Epstein
and Schneider (2003) .

Proposition 4 thus tells us that, under the assumption of Dynamic Consistency, when-
ever the decision maker’s subjective decision tree corresponds to an objective tree (it is
‘P-ontic), then his ex ante set of priors has a special shape (it is P-rectangular). It can be
understood in the terms introduced in Section 3.3, namely, as concerning the relationship
between the decision maker’s current beliefs about the state of the world (the ex ante set of
priors) and his beliefs about his possible future states of belief (the epistemic contingencies
he envisages). By contrast with Proposition 2, which was relatively weak, Proposition 4
identifies a particularly strong relationship in a special case. First of all, it implies that
whenever the agent’s envisaged future beliefs have a particular form — the epistemic con-
tingencies are P-ontic — the aggregator by which the current beliefs are related to future
ones is a maxmin EU one (of the sort discussed in Section 3). Furthermore, and more im-
portantly, it tells us that this particular form of the envisaged ex post beliefs implies that the
ex ante beliefs must also have a specific form: that is, they must be P-rectangular.” Note
that this form can be relatively straightforwardly verified on inspection of the ex ante set
of priors. (It suffices to check that the set {p(e|A;) | p € C, p(A;) = z} is the same for all
x.) This renders the Proposition more interesting, because it makes the contrapositive of

the implication meaningful.

Note that the use of the maxmin EU aggregator alone does not imply the special rectangular shape of the

ex ante set of priors: that also requires that the supports of the ex post sets of priors are disjoint.
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Indeed, taking the contrapositive, Proposition 4 implies that (assuming Dynamic Con-
sistency) if the decision maker’s ex ante set of priors is not P-rectangular — it does not have
the particular shape — then his set of epistemic contingencies is not P-ontic — he does not
think that he will necessarily learn exactly one event in the partition P and only that. In
other words, it allows the theorist to draw a conclusion about the future beliefs the decision
maker anticipates — and hence the subjective decision tree he is using — on the basis of a
property of his current beliefs about the state of the world.

To see the consequences for the application of non-expected utility models in dynamic
problems, consider the argument with which this section began. It is straightforward to
check that the set of priors given above is not {Y, Y“}-rectangular. As Proposition 4 makes
clear, it does not follow that this decision maker is not Dynamically Consistent: under the
assumption of Dynamic Consistency, it simply follows that he does not anticipate learning
Y and learning Y¢ as the only possible future states of belief. In other words, this ex
ante set of priors implies that his subjective decision tree is not the objective decision tree
given in Figure 2. Hence when he is told that he will be faced with the decision tree given
in Figure 2, he is learning something: namely, something about the future contingencies
that need to be planned for. Given that, as has been discussed in the previous section,
DC implies that the decision maker’s beliefs concerning his future beliefs place constraints
on his current beliefs, it should not be surprising that when he updates his beliefs about
his future beliefs — to incorporate the information that the only two future contingencies
are learning Y and learning Y¢ — this has consequences for his current beliefs. Indeed,
Proposition 4 implies that when (or if) he updates his beliefs about his future beliefs to
‘adopt’ the decision tree in Figure 2, then he must also update his current beliefs so that
they are {Y, Y “}-rectangular. Since the subjective tree then coincides with an objective tree,
the standard form of dynamic consistency will thus be satisfied, with respect to the ex ante
beliefs the decision maker has after having updated on the information about the decision
tree that he is facing. The decision maker has no trouble satisfying Dynamic Consistency
in this example: it is always satisfied with respect to the subjective decision tree he thinks
he is faced with and the ex ante beliefs he has when he thinks he is faced with that tree.
The purported problem posed by the example is the result of the inappropriate comparison
of his ex ante set of priors before learning that he is faced with the tree in Figure 2 and his

subjective decision tree after having learnt that he will be faced with the tree in Figure 2.
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We can thus draw two morals for the use of the maxmin expected utility model in
dynamic problems.!? First of all, Dynamic Consistency can be assumed to be universally
satisfied without problem: indeed, given the reasonable intuition supporting it, it is a very
natural assumption. Secondly, DC implies a particular relationship between the decision
maker’s current set of priors and the decision tree he considers himself to be faced with.
Any theorist modelling decision makers must of course respect this relationship, if he is to
avoid making inconsistent modelling assumptions.

The concrete advice for applications to dynamic problems is simple: when applying the
maxmin expected utility model, the ex ante set of priors should be rectangular with respect
to the partition formed by the nodes in the tree. It is known, since the seminal work of
Epstein and Schneider (2003), that this is the only case in which the decision maker will be
dynamically consistent in the classic sense, and hence where standard techniques such as
folding back can be used. However, it is sometimes suggested that the restriction to rect-
angular sets of priors is at best a partial solution, for the problem of dynamic inconsistency
remains when the set of priors is not rectangular with respect to an event of interest (see, for
example, Hanany and Klibanoff (2007, p282) and Al Najjar and Weinstein (2009, §3.4)).!
Proposition 4 provides a reply to this worry, in the form of a principled justification of the
restriction to rectangular sets. If the set of priors is not of the appropriate rectangular form,
this does not imply that the decision maker is dynamically inconsistent, in the refined sense
given in Section 3. Rather, it implies that the decision maker is not using the same decision
tree as the theorist. So the restriction to appropriately rectangular sets amounts to an as-
sumption that the decision maker does indeed know the decision tree he is faced with, and
that this is the same as the one the theorist is using. As such, there is nothing arbitrary or
unnecessarily limitative about it; indeed, without such assumptions about the way decision
makers conceive the problems they are faced with, economic modelling can hardly get off
the ground!

We thus conclude that the proposed notion of dynamic consistency, and the subjective
framework for thinking about such issues, has no trouble coping with the purported difficul-
ties for non-expected utility models in dynamic choice problems. Quite to the contrary, it

provides a reasoned defense of a certain approach to applying non-expected utility models

19These points hold mutatis mutandis for other non-expected utility models.
""Epstein and Schneider’s own conclusion (p14) is that ‘in some settings, ambiguity may render dynamic

consistency problematic.’
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to such problems, which has already been proposed in the literature. Non-expected utility
models can be used in dynamic problems, and even using folding back reasoning: this is
a consequence of the fact that there is no obstacle to non-expected utility decision makers
being dynamically consistent, with respect to decision tree they consider themselves to be
using. However, when using these models, one must respect the consequences of one’s
assumptions about what the decision maker takes the decision tree he is facing to be: the
lesson of Proposition 4 is that many purported violations of dynamic consistency are just
modelling errors on the part of the theorist.

Remark 5. Note that singleton sets of priors are the only sets that are P-rectangular for every par-
tition P. Consequently, the only ex ante preferences such that, for every partition P, there exists
a P-ontic set of epistemic contingencies with respect to which DC is satisfied, are expected utility
preferences. This is a version of the standard result concerning SDC and expected utility, recov-
ered in our framework. In the light of the preceding considerations, this means that expected utility
preferences are the only ones from which one cannot immediately draw the sorts of implications
just described about the decision tree that the decision maker is using. The potential for the sorts of

modelling errors discussed above is thus reduced with expected utility preferences.

5 Value of Information

In this section, we consider another important economic issue raised in discussions of dy-
namic consistency, the attitude towards information. A commonly noted purported con-
sequence of non-expected utility is that sophisticated decision makers may prefer not to
obtain free information: they are information averse (Wakker, 1988; Al Najjar and Wein-
stein, 2009). This of course is in stark contrast with basic pre-theoretical intuition, as well
as with the standard Bayesian expected utility model, and is often taken to be an argument,
if not one of the strongest arguments, against non-expected utility theory. As a further
illustration of the power of the approach proposed here, we analyse the issue of value of

information in the framework introduced in the previous sections.

5.1 Information aversion: debunking the standard argument

The standard argument that non-expected utility decision makers are information averse
can be formulated on a sequential extension of the dynamic Ellsberg example given in

Section 1.2. Consider a decision maker with standard Ellsberg preferences — he prefers
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Figure 4: Information Aversion

g1 to f1 at node A; in Figure 2(a), but prefers frp to grp at node B; in Figure 2(b) —
and suppose that he is given the choice between facing these two decision trees.'> That
is, he is faced with the decision tree in Figure 4. Since he has the Ellsberg preferences
just specified, he knows that if he reaches decision node A he will choose g; and that if
he reaches decision node B he will choose frp. Reasoning by backwards induction,'? the
decision maker at node C' knows that if he takes the upper branch N L of the tree, he will
essentially end up with g;, and if he takes the lower branch L he will end up with f; (given
that the decision maker does not know the resolution of the uncertainty at the chance node +,
the choice of frp at node B essentially boils down to a choice of f; from the point of view
of a decision maker at (). Hence, since he prefers g; to f;, he chooses N L at C'. However,
since the choice at C' is essentially that between learning whether the ball is yellow before
deciding to bet (option L) or not learning whether it is yellow (option N L), by choosing
N L, the decision maker betrays a preference for not obtaining free information. This is the
criticized information aversion.

In Section 4, we noted that the assumption of Dynamic Consistency implies a strong
modelling constraint on the theorist, which undermines the standard practice of taking a
decision maker with a given set of priors, subjecting him to a decision tree, and deducing
that he is dynamically inconsistent. An essential insight is that, when the decision maker

learns that he is faced with a particular decision tree, this may affect his current set of

In this discussion, notations and numbering are taken from Section 1.2.
3Decision makers who reason in this way in situations of dynamic inconsistency are sometimes said to

adopt ‘the strategy of consistent planning’, or to be ‘sophisticated’; see Strotz (1955); Karni and Safra (1990);
McClennen (1990); Siniscalchi (2011).
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beliefs. The same general point applies in the sequential situation described here. Let C be
the set of priors that decision maker has after having chosen not to learn — that is, at node
A. As specified above, this set of priors yields the standard Ellsberg preferences, and so is
not rectangular with respect to the partition {Y, Y“}. However, if the decision maker choses
to learn, then even before learning whether the ball is yellow or not — that is, even at the
chance node = — his set of priors will not be C. This is a consequence of Proposition 4: at
node = he knows that he is facing an objective tree which will determine which element of
the partition {Y, Y“} occurs, and so his set of priors must be rectangular with respect to this
partition (assuming Dynamic Consistency). Since C is not rectangular with respect to this
partition, it follows that his set of priors at node = is not C. In other words, his choice of
whether to learn or not at node C' affects the beliefs he has immediately after his decision,
but before any (other) learning has taken place.

This is a natural consequence of the discussion in the previous sections. If aspects of the
decision maker’s future beliefs are reflected in his current beliefs, then choices he makes
that determine the future beliefs he envisages as possibly having — such as the choice of
whether to obtain information or not — impact on his current beliefs. This impact occurs
even before he acquires any of the promised information: it is, if you will, the information
that he will acquire some information that induces this change in current beliefs, rather than
the information that will be acquired itself. And this ‘second-order’ information comes
directly from the choice he has made. As such, there is a strong analogy between the
choice of whether to learn and moral hazard problems. The decision maker above is in a
similar situation to an Agent whose chances of a particular reward under a given contract
depend on the effort he chooses to expend. In both cases, the decision makers’ beliefs
(about the colour of the ball, or about whether he will get the reward respectively) are
directly determined by their choices.

This analogy suggests a diagnosis of the argument sketched above purporting to estab-
lish information aversion. The argument considers that the choice between N L and L at
node C' boils down to the choice between g; and f;. It assumes that the decision maker has
the Ellsberg set of priors C at node C', and evaluates the choice at that node on the basis
of the preferences over f; and g; corresponding to these priors. However, this amounts to
the assumption that the decision maker’s set of priors immediately after his choice at C' are

independent of the choice made, and we have just seen that this is false. Since the choice at
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node C' alters his beliefs and hence his evaluations of acts, the decision maker should use
the interim beliefs (or if you wish, the beliefs conditional upon the choice to learn or not)
to evaluate the options N L and L at node C. This is the standard approach in sequential
choice situations of this sort. Consider an Agent who has to choose a level of effort, and
then will have the choice of which contract to sign, before observing the outcome of his
work (eg. the profits); assuming two levels of effort and two contracts, the decision tree for
this problem is given in Figure 5. Under the standard approach, one would not calculate
ex ante (ie. before knowing the choice of effort) whether the variable or fixed contract
is preferable, and then choose whatever effort level leads to that choice of contract at the
Contract nodes. Such reasoning, which is the analogue of the above argument for infor-
mation aversion, obviously errs by wrongly assuming that the optimal choice of contract
is independent of the effort exerted.'* Indeed, the standard approach is to evaluate each
of the available strategies — (High effort, variable contract), (High effort, fixed contract)
and so on — and these evaluations would use the probabilities (beliefs) of outcomes condi-
tional on the choice of effort made. The analogue of this sort of calculation in the case of
the choice of obtaining information does not immediately imply that non-expected utility

decision makers are information averse.

14 Another problem with the reasoning is that it relies on an ex ante probability distribution, which depends
on the choice of effort and so requires the Agent to estimate the probability of making a particular choice in
the decision he is currently deliberating upon. Similarly in the information case, properly determining the
decision maker’s set of priors at node C' in the tree in Figure 4 would require his beliefs about whether he
will choose to learn or not at that node. Doubts may be raised as to whether such beliefs can be formed or be

economically meaningful.
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5.2 Value of envisaged information

What, then, can be said about the value of information under the current proposal?
Since the proposal incorporates the beliefs the decision maker envisages himself as possibly
having, and hence implicitly the information he expects to receive, the question can be
naturally divided into two. On the one hand, what is the value of the information that he
expects to receive? On the other hand, what is the value of information that the decision
maker is offered but had not necessarily expected to receive? For expositional purposes, it
is convenient to treat the former question first.

The issue is essentially whether a decision maker would accept to delay his decision, on
the (subjective) decision tree he envisages, until he arrives at the future nodes. It is some-
times suggested that this is immediately implied by dynamic consistency (see for example
Ghirardato (2002)); however, such an interpretation involves identifying contingent plans
with pairs of acts, and hence it does not easily transfer over to the case of subjective trees.
Nevertheless it can be shown, by properly defining the value of information in a manner
analogue to the standard Bayesian literature, that it is indeed non-negative.

The value of information over envisaged contingencies involves the comparison be-
tween the value of choosing now and the value of waiting for the realisation of the con-

tingency before choosing.!®

Unlike the standard literature, the ex post value of the in-
formation and the ex ante value of the option of not receiving the information are calcu-
lated using the maxmin expected utility rule with the ex post and ex ante sets of priors.
However, to calculate the ex ante value of obtaining the information, an ‘aggregator’ con-
necting ex post and ex ante preferences is required. (In the standard Bayesian case, the
aggregator is the expected utility rule.) We thus assume that there is such an aggregator
¢ : RT — R ie. that there exists ¢ such that, for all f € A, minyec Y, g u(f(s))p(s) =
d((minpee; Y s u(f(s))p(s))ier). By Proposition 2, such an aggregator exists whenever
the decision maker satisfies DC. Under this assumption, the following definition of non-

negative value of information is correctly formulated.

Definition 2. Let C and {C; }.c, for i € I represent ex ante and ex post sets of priors and let
¢ : R — R be the aggregator. The value of envisaged information for a menu A € p(A)

is non-negative if and only if:

SWe are following a standard approach to information value in, for example, Marschak and Miyasawa
(1968); Marschak and Radner (1972); Hilton (1981).
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(2) gb((maxmin u(f(s))p(s)) >>maxmin u(f(s))p(s)

€A peC;
! P seS

The value of envisaged information is always non-negative if it is non-negative for every

Ae p(A).

This notion of non-negative value of information is evidently analogous to the standard
notion, the difference being that it does not involve the assumption of expected utility deci-
sion makers, and is specific to the information that the decision maker envisages acquiring

ex ante — that is, to his subjective decision tree.

Proposition 5. If the decision maker satisfies DC, then the value of envisaged information

is always non-negative.

For the information the decision maker envisages receiving, the refined notion of Dy-
namic Consistency implies that it has non-negative value. The standard point concerning
SDC and objective trees thus continues to apply for DC and the decision maker’s subjec-
tive tree: he weakly prefers to wait for the information before deciding. Here there is no

possibility of information aversion.

5.3 Value of offered information

The situation is more subtle in cases where the decision maker had not expected to learn
(just) the information on offer, and so learns something about his potential future beliefs —
or perhaps more accurately, about the fact that they will be modified — on choosing to obtain
the information. As explained above, such cases are analogous to moral hazard situations,
and should be analyzed accordingly. In particular, the value of information involves the
comparison of the value of choosing just after having rejected the offer of information, and
the value of accepting the offer and choosing after having received the information. As is
clear from the discussion in Section 5.1, this is not the standard way of reasoning about
attitude to information in the literature on non-expected utility theory.

For the analysis, consider an offer of acquisition of information Z. Let C be the decision
maker’s set of priors immediately after having chosen not to obtain the information, and
let C(z) be his set of priors immediately after having chosen to obtain the information, but

before actually receiving it. Being slightly slack with terminology, we shall continue to call
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these the ex ante sets of priors in the two cases. Let {C;}ies, ¢ : R — R and {Cyk} ke
¢z : R — R be the ex post sets of priors and aggregators just after having chosen not to
turn down and acquire the information respectively.'®
Remark 6. Note that this framework is broad enough to cover standard representations of informa-
tion structures or systems. One could consider a set of signals, and understand each C(z);, to be a
posterior set of beliefs after the reception of some signal, with ¢z reflecting the decision maker’s
prior beliefs as to which signal will be received. As such, the framework essentially corresponds
to a standard representation of information structures (for example Gollier (2004, Ch 24)), the only
difference being that the beliefs and aggregator are not necessarily expected utility. Similarly, an-
other standard representation of information structures as partitions (eg. Marschak and Miyasawa
(1968); LaValle (1968)) can be incorporated, by adding assumptions that the support of each C(I) k
belongs to exactly one element of the given partition.!”

Moreover, this setup is silent on the question of the relationship between the beliefs in the case
where the information is rejected and those in the case where it is accepted. The development
of update rules that determine how the decision maker’s envisaged future beliefs are revised upon

learning that he will receive some hitherto unexpected information is a topic for future research.

The standard question of value of information involves comparison of the value of de-
ciding immediately after having chosen not to receive the information — so the relevant set
of priors is C — with the anticipated value of deciding after having received the information
— so the relevant elements are the sets of priors {C(I)k:} kerx and the opinion as to which
will be realized, given by ¢7). Hence the following definition of the non-negative value of

offered information.

Definition 3. Let C, {C;}icr, ¢, Ci1), {C(z)k}rek» @(z) be the ex ante beliefs, envisaged ex
post beliefs and aggregators in the case where the decision maker chooses to reject the

information Z or to accept it respectively, for some offered information Z. The value of

16Tt is natural to assume that C, {Ci}ier and ¢ are independent of the information Z offered, insofar as they
can be thought of as representing the decision maker’s state even before he envisaged the possibility of being

offered the information. Nothing in the analysis below depends on this assumption.
7Note that there is not necessarily a one-to-one correspondence between the ‘objective’ signals or cells

of the partition and the ex post sets of priors, because the decision maker may have expected to learn other
information over and above the information offered. For example, if he expects to learn which of the events
B or B¢ hold, and is offered the information of which of A and A€ hold, then there may be up to four relevant
ex post sets of priors — after learning A and B, after learning A and B¢, and so on — though the size of the

information partition offered is two.
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offered information I for a menu A € o(A) is non-negative if and only if:

. N .
@ f;lgpggngESU(f(S))p(S) » /r?grgelgSESU(f(S))p(S)

The value of offered information I is always non-negative if it is non-negative for every
menu A € p(A).

Envisaged information is recovered as the special case where the decision maker is
offered information which he already expected to learn (ie. where C = C(z), {Citier =
{C(I)k}ke K> @ = ¢()). In other cases, there are clear non-trivial necessary and sufficient

conditions for the value of offered information to be non-negative.

Proposition 6. Suppose that the decision maker satisfies DC. Then the value of information

T is always non-negative iff C(zy < C.

This proposition provides the final piece in the analysis of the allegation that non-
expected utility decision makers necessarily exhibit information aversion. It tells us that the
value of information for any maxmin expected utility decision maker will be non-negative
as long as his set of priors immediately after having chosen to learn the information is
contained in the set of priors he has immediately after having chosen not to acquire the
information. Since the standard arguments, such as the one discussed in Section 5.1, in-
volve objective trees, the information offered comes in the form of a partition and this adds
another constraint: namely, that the set of priors immediately after accepting the informa-
tion are P-rectangular.'® These two constraints are simultaneously satisfiable: for one, the
singleton sets containing priors in C satisfy both conditions. Hence, for any decision maker
who has a set of priors C if he decides not to accept the information, there exists a set of
priors such that, if he holds this set of priors after having chosen to acquire the informa-
tion, he will have non-negative value of information. In other words, a non-expected utility
decision maker can always exhibit weak preference for information with respect to any in-
formation partition offered. Once the fact that the decision maker may change his beliefs

after choosing to acquire information is properly incorporated into the calculation of the

18Since, as noted in footnote 17, there may be more than one ex post preference that is non-null on a given
cell of the partition, Proposition 4 does not strictly speaking apply. However, it is straightforward to extend it

to cover this case.
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value of that information, it is clear that claim that non-expected utility necessarily implies

information aversion is not only unfounded: it is false.

5.4 Negative value of information and opportunity costs

One might nevertheless remain puzzled by the fact that it is possible, if the constraint
in Proposition 6 is not met, for a decision maker to give a negative value to some informa-
tion (for some menu). Is the mere possibility of turning down free information not itself
an unacceptable consequence of non-expected utility? There is certainly a strong intuition
that one should never have a strict preference for refusing free information; but it implicitly
rests upon the assumption that the information acquisition does not compromise the recep-
tion of information one had otherwise expected to obtain. Suppose that James, a manager
of a firm, has a spy in a competitor’s board of directors, and expects to learn from the spy
the competitor’s strategy in a market B. He is offered the possibility to learn ‘for free’ the
competitor’s strategy in another market A. If this information can be acquired without con-
sequence for the prospects of gaining information about market B, then it is evidently of
non-negative value. Suppose, however, that acquiring the information about the strategy
in market A involves blowing the spy’s cover, so he will no longer be able to tell James
anything about market B. In this case, it may well be reasonable to refuse the offer of infor-
mation about market A, because acquiring this information jeopardizes other information
that James had expected to receive. Of course, in this sort of case, the choice is essentially
between two different pieces of information: the information the decision maker expected
to get before the offer and the information he will get if he accepts the offer. If the value of
the former piece of information is greater than that of the latter — if the opportunity cost of
the offered information outweighs its value — then it is perfectly reasonable to turn down the
offer of ‘free’ information. The condition in Proposition 6, we suggest, can be understood
as reflecting this caveat.

A clear way to see this point is by considering what happens in situations where the as-
sumptions underlying the standard intuition in favour of non-negative value of information
are satisfied: that is, in cases where choosing to acquire the offered information does not
imply forgoing information that one already expected to obtain. Note firstly that, as men-
tioned above (see Remark 6), the ex post priors and aggregators in the case where the in-

formation is declined ({(C; }s, ¢)) and the ex post priors and aggregators in the case where
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the information is accepted ({(Cz) }rek, ¢())) can be thought of as information structures,
and the decision of whether to accept the information is effectively a choice between these
two information structures. If no previously expected information is compromised on ac-
cepting the offer of information, then the latter information structure is more informative
than the former one. According to a standard definition, informativeness can be defined in
terms of decision makers’ attitudes to the information: one information structure is more
informative than another if every decision maker (no matter his utility function) would pre-
fer to learn according to the former information structure (Marschak and Miyasawa, 1968;

Gollier, 2004).!° This definition can be adapted to the current framework as follows.

Definition 4. Let C, {C;}icr, ¢, C(1)> {C(z)k}rek» @(z) be the ex ante beliefs, envisaged ex
post beliefs and aggregators in the case where the decision maker chooses to reject the
information Z or to accept it respectively. ({C(zyi}rex, ¢(z)) is at least as informative as
({Ci}ier, ¢) if and only if, for every affine utility function v’ : A(X) — R, and every menu
Ae p(A):

4 max min u'(f(s S > maxmin > u'(f(s S
@ o (e i D00 ) =0 {magmin Berome)

It follows directly from this definition and Proposition 5 that, whenever the informa-
tion structure one faces after accepting the information offered is at least as informative
as the information structure faced when declining the offer, then the value of the offered

information is non-negative.

Proposition 7. Suppose that the decision maker satisfies DC. Then the value of informa-

tion T is always non-negative whenever ({Cizyi}rek, ¢(z)) is at least as informative as

({Citier, &).

Hence, in accordance with the standard intuition, non-expected utility decision makers
will not turn down free information when it does not compromise information they had

previously expected to receive.

19Naturally, there are a battery of important results showing that this definition is equivalent to other pos-
sible definitions of informativeness under expected utility (Blackwell, 1953; Marschak and Miyasawa, 1968;
Gollier, 2004). We are not aware of similar results for non-expected utility models; indeed, it is not even

evident what the analogues for some of the other proposed definitions would be for such models.
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We conclude that, even for non-expected utility decision makers, their attitude to in-
formation behaves exactly ‘as it should do’. On the one hand, the fact that they are non-
expected utility does not imply that they will necessarily ever have negative value of infor-
mation: Proposition 6 implies that it is always possible for their beliefs after having chosen
to acquire the information to be such that the value of the information is non-negative. On
the other hand, it is possible for them to exhibit negative value of information — the condi-
tion in Proposition 6 is non-trivial. However, when this happens, it does so for good reason.
In particular, Proposition 7 tells us that, whenever the information offered does not com-
promise information that was expected to be acquired — whenever it is a simple addition
of information, with no subtraction, so to speak — the value they assign to the information
offered is non-negative. If the value of the information offered is negative, then this must
be a case where the decision maker forgoes information he had expected to receive on ac-
cepting the information offered. In these cases, aversion towards the information offered
is entirely acceptable: if the information lost by accepting the offer is worth more than the

information acquired, then it is entirely reasonable to decline the offer.

6 Foundations

So far we have assumed a set of epistemic contingencies as given; however, they are evi-
dently not directly observable. The approach depends on the assumption that the decision
maker does envisage such epistemic contingencies; moreover, it is important, to ascer-
tain whether the refined notion of Dynamic Consistency is respected or not, to determine
which epistemic contingencies the decision maker envisages. The aim of this section is to
present behavioral foundations for the notion of epistemic contingency in the context of
the maxmin EU model. To this end, we shall introduce a choice-theoretic situation and
propose axioms that are necessary and sufficient for a representation of choices involving
envisaged sets of future priors {C;};c;. The result in this section should relieve worries
that the proposed reconceptualization of dynamic choice via the introduction of the notion
of epistemic contingency relies on notions with no independent behavioral meaning. The
notions have in-principle observable consequences (beyond the application to the question
of dynamic consistency), and the set of epistemic contingencies envisaged by the decision

maker can in principle be gleaned from choice behavior.
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6.1 Setup and representation

We continue to work in the setup set out in Section 2.1. Rather than assuming (future)
sets of priors or preference relations as primitives, we work now with choice functions,
where a choice function is a function ¢ : p(A) — ©(A) such that, for any A € p(A),
c(A) € A*° The choice function c has the following interpretation, associated with the
time line given in Figure 6. The decision maker knows that he will have to choose an
act from a menu A at an ex post stage (before the realisation of the state of the world,
but perhaps after receiving information), and has the opportunity in an ex ante stage of
restricting the options left open to a subset of A, from which he will make his ex post
choice. For an example of such a choice situation, consider a committee deciding on the
allocation of a building contract or of a university post: they may in the first instance rule
out some of the candidates, producing a shortlist, from which they will later choose the
winner. For any A € p(.A), ¢ yields the set of elements that the decision maker now wishes
to keep as open alternatives for his future choice; the elements not in ¢(A) are those which
the decision maker is willing to rule out now.

We shall consider the following representation:

Q) c(A) ={feA| feargmax minz u(g(s))p(s) for some C' € P}
geA pec’ seS

where  is a continuous affine utility function on A(X) and P is a set of convex, closed
subsets of A(X). The sets of priors in P are interpreted as the future beliefs that the
decision maker anticipates himself as possibly having at the moment when he will be faced
with his final choice; they can be thought of as the epistemic contingencies he envisages.
(5) represents a decision maker who envisages that he will hold one of the sets in P as
his set of priors at the specified future moment, and that he will form preferences with
that set according to the maxmin EU rule. He retains as an open option any act which is
optimal according to this rule with any of the sets of priors in P. To see this more clearly,
note that this representation can be reformulated in terms of the ex post preferences in the
different epistemic contingencies, as follows. Define the set R of preference relations on A
as follows: <;e R if and only if there exists C; € P such that <; is represented according

to (1) by C; and u. ‘R contains the decision maker’s anticipated ex post preferences, formed

20This is sometimes called a choice correspondence in the literature.
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Figure 6: Time line

° ° *———
ex ante stage ex post stage realisation and payoff
choose shortlist B < A  choose act f € B

on the basis of the ex post beliefs according to the maxmin EU rule. Representation (5) is
equivalent to the following representation of ex ante choice in terms of a set R of preference

relations each of which is represented according to (1):

(6) (A)y={feA|TI<eR, Vge A, f> g}

In other words, the decision maker keeps open any act which is optimal in the menu
according to at least one of his anticipated ex post preferences, and rules out any act which
is not optimal under any of the ex post preferences. The choice rule (6) yielding a choice
function given a set of preferences has been studied in the choice-theoretic literature, where
it has been called pseudo-rationalisability (Moulin, 1985).

Remark 7. Note that representation (5) could alternatively be formulated in terms of preferences

over menus. To illustrate the relationship, define the preference relation < on ©(.A) as follows: for
all A, B € p(A),

@) A<B iff c(AuB)nA=Q

It is straightforward to check that this preference over menus is represented by the u and P

featuring in representation (5) as follows: for all A, B € p(A), A<B iff

(8) max min » u(g(s))p(s) < maxmin » u(g(s))p(s) forallC' € P
geA peC’ o5 geB pel’ oy
The relation < is a preference relation over menus in the style of Kreps (1979); Dekel et al.
(2001), but, unlike most preference relations studied in this literature, it will not satisfy the standard
conditions on preferences: in particular, the weak version of the relation will not be complete. This

is due to the representation. It is standard in the aforementioned literature to assume that ex ante

36



Brian Hill Dynamic Consistency and Ambiguity

preferences are formed using an ‘aggregator’ that ensures completeness; by contrast, representation
(8) combined with definition (7) involves a ‘neutral’ aggregator that only orders menus in cases
of strict dominance. This difference is related to the goal of the exercise in this section. Whereas
most of the representation theorems in the preference for flexibility literature deliver both ex post
preferences (or states of a subjective state space) and ex ante preferences that are aggregated in a
particular way with respect to the ex post ones, here the aim is to give foundations solely for ex
post sets of priors or preferences (the epistemic contingencies), without making any assumptions
about the ex ante preferences. Indeed, the issue of the relationship between ex post and ex ante
preferences is essentially a question about dynamic consistency, and this should evidently be kept

separate from the behavioral foundation of the notion of epistemic contingency.

6.2 Axioms and result

Consider the following axioms on the choice function c.
Axiom A1 (Chernoff). Forall A, B e p(A), f e A if A< Band f € ¢(B), then f € ¢(A).
Axiom A2 (Aizerman). Forall A, B € p(A),if ¢(B) € A € B, then c(A) < ¢(B).
Axiom A3 (Non-degeneracy). There exist d,e € A(X) such that d € ¢({d,e}) and e ¢
c({d,e}).

Axiom A4 (Fixed utilities). For all d,e € A(X) and A, B € p(A(X)) with A € B, if
d,e € c¢(A), then d € ¢(B) if and only if e € ¢(B).

Axiom A5 (Set C-Independence). For all A € p(A), d € A(X), and for all o € (0, 1),
c(Apd) = c(A)yd.

Axiom A6 (Union C-Independence). For all A € p(A), a € (0,1) and d € A(X) with
de c(A), c(A) € c(Au A.d).

Axiom A7 (Monotonicity). For all A, B € p(A) with A < B, if, for each g € B, there
exists f € A with f(s) € c({f(s),g(s)}) for all s € S, then ¢(A) < ¢(B). Moreover, for
every g € B, if there exists f € B with g(s) ¢ c({f(s),g(s)}) forall s € S, then g ¢ ¢(B).

Axiom A8 (Uncertainty aversion). For all A, B € p(A) with B < ¢(A), f € ¢c(A v {f})
for all f € conv(B) whenever there exist d € A(X) and g € B such that: i. f,d € B for all
ae|0,1]andall f € B;andii. g,d ¢ c(Au{fge}) forall f € B,alle e A(X) withe > d
and all o, 8 € (0, 1).
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Axiom A9 (Continuity). For all sequences of menus (A, ),ey and A € p(A) with A, — A
and all sequences of acts (f,),en With f, € A, foreachn € N, if f, — f,then f € ¢(A).

Chernoff (Al) and Aizerman (A2) are standard axioms in the choice-theoretical lit-
erature. The former is just Sen’s axiom «, and requires no further comment; the latter
says that removing an alternative that does not belong to the choice set cannot lead to new
alternatives being chosen. The conjunction of the two is weaker than the Weak Axiom
of Revealed Preference, and equivalent to the pseudo-rationalisability of ¢ (representation
(6)); the reader is referred to Moulin (1985), from whom we borrow the nomenclature, for
further discussion. Fixed utilities (A4) imposes Sen’s axiom S on the restriction of ¢ to
menus containing only constant acts. It follows from standard choice theory results (see
for example Sen (1971)) that the restriction to constant acts is represented by a single tran-
sitive complete preference relation. This axiom translates the assumption that the decision
maker’s preferences over constant acts are the same in all envisaged future contingencies;
he only anticipates differences in beliefs. Non-degeneracy (A3) requires that the choice
function is non-trivial on constant acts.

The remaining axioms can be thought of as choice-theoretical analogues of the Gilboa-
Schmeidler axioms on preferences (1989). The C-independence axioms (A5 and A6) corre-
spond to Gilboa and Schmeidler’s C-independence. Recall that the idea behind their axiom
is that mixing with a constant act does not ‘change’ the preference order. Similarly here,
Set C-independence (AS) states that mixing a menu with a constant act does not ‘change’
the choice set: if the decision maker wanted to keep an act as an open option from a given
menu, he would like to keep the mixture of the act as an open alternative from a mixture of
the menu. A consequence of the Gilboa-Schmeidler C-independence axiom (in conjunc-
tion with other basic preference axioms) is that, for any act f and constant act d, whichever
of the acts is weakly preferred between f and d remains weakly preferred over any mix
fad of the two acts. Union C-independence states the equivalent of this for menus: if the
decision maker would keep open an act f and a constant act d from a menu, then adding
fad, or indeed any mixture of d with an element of the menu, does not ‘change’ his deci-
sion to keep f and d open. This translates the idea that if f or d will be possibly chosen
in some future contingency when both are available, then f,d will not be chosen over it.
The need for two C-independence axioms is due to the weak choice-theoretical properties

that are assumed: if Chernoff (A1) and Aizerman (A2) are replaced by the Weak Axiom of
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Revealed Preference, it is straightforward to check that Set C-independence implies Union
C-independence.

Monotonicity (A7) is essentially the standard monotonicity or statewise dominance ax-
iom formulated for choice sets. It includes both a weak dominance and a strict dominance
clause, both of which are fairly intuitive. The first basically says that adding elements to
a menu that are weakly dominated by some element already on the menu does not lead
one to rule out any of the options that one initially left option. This translates the standard
intuition that adding a weakly dominated option should not prevent a previously chosen

option from being chosen.?!

The second clause just says that one does not leave strictly
dominated acts open: this translates the intuition that strictly dominated options are never
chosen. These conditions are in the spirit of the standard monotonicity condition.
Uncertainty Aversion (A8) can be thought of as a weakening of the standard Gilboa-
Schmeidler axiom extended to the general menu setting. The standard axiom, formulated
on preferences, states that if there is indifference between a pair of acts, then any mixture is
weakly preferred to both. A natural extension to the case of general menus is obtained by
replacing the pair of indifferent acts by a subset of the menu that is contained in its choice
set, and the mixture by any mixture of the elements in the subset. That is, it states that, for
all A, B € p(A) with B € ¢(A), f € ¢(A U {f}) forall f € conv(B). The axiom A8 is
evidently a weakening of this extension, stating that it holds under particular conditions.
In fact, the interpretation of the extension requires considering acts in the choice set to
be indifferent; however, whilst this is the case under WARP, it is no longer true under the
weaker choice-theoretic axioms used here. The conditions in A8 guarantee that there is an

t.22

ex post preference relation according to which the acts in B are indifferent.~ So the axiom

2INote that the proposed interpretation of dominance is vindicated by the Fixed utilities axiom (A4).
22This can be seen as follows. Whenever a decision maker chooses to leave open the acts f, g, the constant

act d, and mixtures f,d and g,d from a menu, this means that he envisages contingencies where each of
these acts is optimal. Moreover, since, for any ex post maxmin EU preference, f,d is optimal from a menu
containing f and d only if f and d are indifferent (this is a consequence of the Gilboa-Schmeidler axioms),
there is an possible contingency in which f, d and f,d are all optimal. Similarly, there is a possible contin-
gency in which g, d and g d are all optimal. Finally, if, for any act dominating fgd, adding such an act causes
the mixtures g,d to no longer be left open, this implies that any act dominating fzd is also strictly preferred
to g, d and g,d according to the contingencies where they were all indifferent; so fgd, and hence f and d
are indifferent to g, d and g, d under some contingency. Extending this reasoning to more than two acts, the

conditions in A8 imply that the decision maker considers it possible that he will be indifferent among the acts
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can be understood as stating that if the decision maker anticipates that he will be indifferent
between the acts in B, then he anticipates that he will be willing to choose any mixture —
since mixtures may hedge the ambiguity in the acts — and so he leaves these mixtures open.
As such, A8 captures the hedging intuition in the standard axiom, in the context of the
specific interpretation of the choice function employed here.

The final axiom, A9, is the standard upper hemicontinuity property for choice functions.
It states that whenever a sequence of menus tends to a menu, then the limit of any sequence
of options left open in these menus is left open in the limit menu.

A foundation for the notion of epistemic contingency is given in the following repre-

sentation theorem.
Theorem 1. The following are equivalent:
(i) c satisfies AI-A9;

(ii) There exists a nonconstant continuous affine utility function v : A(X) — R and a

set P of closed convex sets of probability measures on S such that:

5) A)={feA|feag maxmin u(g(s))p(s) for some C' € P}

geA peC’ S

Moreover, u is unique up to positive affine transformation, and there is a unique mini-
mal P.

This theorem shows that, under certain conditions, a set of sets of priors — or a set of
epistemic contingencies — representing the choice function according to (5) exists. More-
over, there is a unique ‘canonical’ such set, namely the unique minimal set. We conclude

that the notion of epistemic contingency does have solid behavioral foundations.

Remark 8. Note that the results in this section can be combined with those in Section 3 to provide
a choice-theoretic axiomatization of a representation in terms of maxmin expected utility ex post
preferences and an aggregator that yields complete ex ante preferences. One potential interest for
this development would be to translate the discussion in Section 3 into purely choice-theoretic terms.
One possibility would be to express the Dynamic Consistency condition purely as a relationship

between two choice functions — the choice function represented according to (5) and interpreted as

in B.
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discussed above, and a choice function represented according to the Gilboa and Schmeidler (1989)
representation (translated into choice-function language) and interpreted in the standard way. With
this, one would obtain a choice-theoretic formulation of the notion of dynamic consistency proposed
in Section 3, as well as a representation result for maxmin EU ex post preferences with an aggregator
of the sort given in Proposition 2.7

Since these formulations do not seem particularly illuminating, we do not present them here.

7 Conclusion

It is commonly held that dynamic consistency, consequentialism and non-neutral attitudes
to ambiguity are incompatible. We have argued in this paper that this is not the case, if the
dynamic consistency condition is properly formulated. The central idea is that one can only
ask a decision maker to be dynamically consistent with respect to the contingencies that he
in fact envisages — rather than those imposed by the theorist — and when these contingencies
are properly taken into account, the apparent incompatibility is resolved.

To fully defend this rebuttal of the standard argument, we have given choice-theoretic
foundations to the central notion of a contingency that the decision maker envisages, on the
basis of the choices the decision maker makes to ‘leave options open’ for subsequent choice
at a future time. The representation result can be considered as an independent contribution
to the literature on preferences over menus and unforeseen contingencies, and is perhaps
the first result of the sort to consider incomplete preferences over menus.

Perhaps even more significant than the defense of this perspective and its ability to resist
the arguments against ambiguity models are its conceptual and economic consequences.
First of all, it emphasizes that dynamic consistency is fundamentally concerned with the
relationship between two sorts of belief: one’s current beliefs about the state of the world
and one’s beliefs about one’s possible future beliefs about the state of the world.

Secondly, the perspective provides a principled justification for the use of a restricted
family of sets of priors in applications to dynamic choice problems. Applications typically
adopt the tacit assumption that the decision maker knows what the decision tree is and that

it is the way the theorist describes it. It turns out that Dynamic Consistency, in the refined

23 Along similar lines, replacing the Dynamic Consistency axiom by a choice-theoretic equivalent of the
Expert Uncertainty Aversion axiom in Cres et al. (2011), one obtains a representation where the decision

maker has maxmin ex post preferences and aggregates them using a maxmin functional.
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sense introduced here, implies that this assumption can only hold if the decision maker’s
ex ante beliefs are of a specific form. A decision maker whose beliefs are not of this form
may be perfectly dynamically consistent: he just will not consider himself to be facing the
decision tree that the modeler is using. That, of course, is not a problem for the decision
maker; it is a problem for the modeler.

Finally, the perspective reveals that the issue of information aversion has been wrongly
analyzed in the standard arguments. Non-expected utility decision makers need not be
information averse, and will in fact not be whenever the information on offer does not
compromise information they had previously expected to receive. They may turn down
an offer of ‘free’ information, but this only occurs when its opportunity cost — in terms of
information they had otherwise expected to receive but that is jeopardized by accepting the

offer — outweighs its value.
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Appendix A Incorporating the epistemic contingencies into

the state space

It was claimed in Remark 2 that the analysis conducted in this paper goes through in other
setups; in this Appendix, we illustrate this point by considering a framework where the
epistemic contingencies (ie. future states of belief) are explicitly represented in the state
space.

We adopt the terminology and assumptions in Section 2; recall that S' is the ‘objective’
state space. Let £ be the set of closed convex subsets of A(X); this is the set of sets of priors
over S, and will represent the potential future states of belief (or epistemic contingencies) of
the decision maker. The ‘extended state space’, incorporating the epistemic contingencies,
is = S x & The first ‘coordinate’ s' of a state (s',C") € () represents the state of
the world that is realized; the second ‘coordinate’ C’ is the decision maker’s future state
of belief. Note that this state space is rich enough to represent the arrival of any piece
of information: the information is represented by the ex post, or ‘conditional’, beliefs it
induces. Although (2 is rich enough to represent all ex ante uncertainty, both about the state
of the world and the ex post state of belief, .S is sufficient to represent all payoff-relevant
uncertainty. As such, the domain of (ex ante and ex post) preferences is still the set A
defined in Section 2, which corresponds naturally to a subset of A(X)®. Similar points
hold for the sets of priors involved in the representation of preferences, which are defined
over S, considered as the partition {{s} x £ | s € S} of Q.

In the setup used above (Section 2.1), an ex ante set of priors C and a set of epis-
temic contingencies (ex post sets of priors) {C;};c; were assumed. As noted, the for-
mer corresponds to a set of priors over the partition {{s} x £ | s € S} of (2. The set
of epistemic contingencies corresponds in this setup to a subset of {2, namely the set
{(s',C"YeQ|Tiel, C"=C;}. Wecall this set EC.**

Given the lack of a preference relation over A(X ), some remarks are in order about
what should count as (the equivalent of a) ‘null event’ in €2. On the one hand, states not

belonging to £/C' can be thought of as ‘null” insofar as the decision maker does not consider

24Whilst we do not assume a preference relation on A(X)* or a set of priors over (2, the analysis under-
taken below continues to hold under such an assumption, as long as the preference relation or set of priors is

appropriately consistent with the ex ante set of priors (C) and the set of epistemic contingencies (EC).
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it possible for them to hold (he does not consider it possible for him to be in the future states
of belief coded in these states). Moreover, any state (s’,C’) such that s is null according
to the ex ante preference relation < can naturally be thought of ‘null’. We will say that
EC n NN is the set of Q-non-null states, where NN = {(s',C') € Q| s’ <., -non-null}.
Any event with non-empty intersect with £C' n NN will be said to be (2-non-null.

Note that, given the interpretation of the extended state space, it does not make sense to
consider learning or conditioning upon certain events of ¢). To characterize the events that

could conceivably be learnt, we introduce the following definition.

Definition 5. An event A < () is learnable if it satisfies the following two conditions:
1. ¢' =C"forall (¢,C'),(s",C") € A.
2. If (s',C") € A, then (s",C’) € A, for every s” for which p(s”) > 0 for some p € C'.

Moreover, a partition of €2 is learnable whenever it consists entirely of learnable events.

Learnable events are those which can conceivably be learnt; this motivates the condi-
tions in the definition.?> The first condition corresponds to the assumption that, in the ex
post stage, the agent has no uncertainty about his ex post beliefs; these are represented by
a single set of priors. So the only events in €2 that can be learnt are those which have the
same ex post beliefs for every state they contain. The second condition reflects the fact
that the set of states of the world that the decision maker considers to be non-null in the ex
post stage must respect the set of beliefs he has at this stage. In particular, a state s’ € S
cannot be ruled out by the information A (ie. there is no state (s’,C’) € A) but nevertheless
possibly have non-zero probability according to the ex post beliefs established by A.

Note that, for any learnable event A, the preferences conditional on A, <4, are gener-
ated by the set C* such that C' = C* for all (s/,C’) € A.

We claimed that, with these constraints in mind, this framework yields the same analysis
as that carried out above. One way to back up this claim is to show that the standard
definition of dynamic consistency (SDC) applied on this framework is equivalent to the
refined notion of dynamic consistency proposed in Section 3 (DC). Translated into this

framework, SDC becomes:

Z5Recall that we are working in a simple setup with two time periods. So we are considering the learning

of an event between the ex ante and ex post stage.
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Standard Dynamic Consistency on (). For every f, g € A and learnable partition {A;} e,
of Q,if f <4, g for every Q-non-null A;, then f < g, and moreover, if any of the <4,

orderings are strict, then so is the < one.
Proposition A.1. Standard Dynamic Consistency on Q) is equivalent to DC.

Note that this result can be thought of giving another argument that DC is the appropri-

ate equivalent to SDC for the case of epistemic contingencies.

Appendix B Proofs

Throughout the Appendix, B will denote the space of real-valued functions on .S, and ba(S)
will denote the set of real-valued set functions on S, both under the Euclidean topology. B
is equipped with the standard order: a < b iff a(s) < b(s) forall s € S. For z € R, x*
is the constant function taking value x; we use 18* to denote the set of constant functions.
Addition with acts and positive scalar multiplication is extended to sets as standard: for
A< B,ae B,a>0,aA={ab|be Al and A+ a = {b+ a | b e A}. Finally, for any

subset A < B, we shall use co(A) to denote the convex closure of A.

B.1 Proofs of Propositions

For the proofs of Propositions 1-4, let J : A — R be the maxmin EU functional
represented by C (ie. J(f) = minyec >, ..o u(f(s))p(s) for all f € A), and likewise for
J; and C;. Ra(J;) is the range of the vector (J;);e; over A, and Ra(J;) the range of the
function J; for each i. Note that, since the utility functions are the same for all <;, Ra(J;) =
Ra(J;) for all ¢, j; call this set R. cone(Ra(J;)) is the cone spanned by Ra(.J;). We use e

to denote the unit vector in R’

Proofs of Proposition 1 and Proposition 2. Proposition 1 and the ‘if” direction Proposition
2 are straightforward, and their proofs are omitted.

The proof of the ‘only if” direction of Proposition 2 draws on the developments in Cres
et al. (2011). By their Lemmas 1-4, there exists a constant additive, positively homoge-
neous, monotonic real-valued function ¢ on cone(Ra(.Jr)) such that J(f) = &((J;(f))ier)
for all f € A. Cerreia-Vioglio et al. (2013, Theorem 1) show that the real-valued function
¢ on B!, defined by ¢(y) = sup{p(x)+b|x € Ra(J;), be R, x+be <y} forally e R,
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extends ¢ and is constant additive and monotonic. It is clear from the definition and the
positive homogeneity of ¢ that <z3 is positively homogeneous. Finally, strong monotonicity
on Ra(Jy) is a direct consequence of DC.

O

Proof of Proposition 3. The right to left direction is essentially Proposition 1. As for the
left to right direction, by Proposition 2, ¢ is positively homogeneous, constant additive
and monotonic. Applying (Hill, 2012, Lemmas 4 and 7), it follows that ¢ is concave,
so it satisfies all the properties required for the Gilboa and Schmeidler (1989) agrument.
Applying this reasoning (see also Cres et al. (2011)), we obtain a unique closed convex A
representing ¢ as described in the Proposition. Finally, since, by (Hill, 2012, Lemma 4),
Ra(J;) is fully dimensional, it follows from the strong monotonicity of ¢ on Ra(.J;) and
its positive homogeneity that ¢ is strongly monotonic, so every p € D is such that p(i) > 0
foralli e I.

]

Proof of Proposition 4. As shown by Cres et al. (2011, Lemmas 1-4), DC implies that
J(f) = ¢((Ji(f))ier) where ¢ is a constant additive, positively homogeneous, monotonic
real-valued function on Ra(J;). Consider any vector x € R!. For each i € I, since
x; € R = Ra(J;), there exists a constant act ¢ € A(X) with J;(c¥) = z;. Hence, defining
g* € Aby g(s) = c*(s) whenever s € A, it follows from the fact that {<;};c; is P-ontic
that ((J;(g%))ier) = ((J:(cX))ier) = x. It follows that R = Ra(J;); by the definition of
Ra(Jp), this inclusion is in fact an equality. Now consider any pair of vectors x,y € R,
By definition, J;(ag* + (1 — a)¢¥) = Ji(ack + (1 — a)c)) = aJi(cF) + (1 —a)J;(c)) =
aJi(g®)+(1—a)Ji(¢¥) = ax;+(1—a)y;, where the middle equality holds by the definition
of the maxmin EU functional. Hence ¢(ax + (1 — a)y) = ¢((Ji(ag™ + (1 — @)g" ) )ier) =
J(ag*+(1-a)g¥) = al(g)+ (1 =) J(¢¥) = ad((Ji(g*))ier) + (1 =)D ((Ji(g¥ )ier) =
ap(x) + (1 — a)¢(y), where the inequality in the middle holds because of the concavity of
the maxmin EU functional J. Hence ¢ is concave.

Using standard arguments, ¢ can be extended to a monotonic, positively homogeneous,
constant additive, concave function on $!. Application of the argument in Gilboa and
Schmeidler (1989) (see also (Cres et al., 2011, Lemma 8)) implies that there exists a closed

convex D < A([) such that ¢(x) = mingep Y ,.; pixi. The strict positivity of the elements
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in D follows directly from DC and the fact that Ra(.J;) = R". The form of the set of priors
C representing .J follows from Cres et al. (2011, Proposition 1).
O]

Proof of Proposition 5. By Proposition 2, DC implies that the aggregator ¢ is mono-
tonic. Consider any A € p(.A), and let g = argmax ., mingec >, g u(f(s))p(s) =
arg max re 4 @ ((minpee, D e g u( $))ier)- For every ¢ € I, by defini-
tion, maxjes Milpee; Y cq U (f(s))p(s) > minpee, D05 u(g(s))p(s); it follows
from the monotonicity of ¢ that ¢ ((maxjes mingec, Yeq u(f(5)p(s)),e;) =

& (mingec, g u(g(3)p(5)) ) = massen minyee 3cq u(f(5))p(s), as required.
U]

Proof of Proposition 6. To show the right to left direction, suppose that Czy <
C. Take any A € @(A) let g = argmax;,minye Y, qu(f(s))p(s). By
the definition of the maxmin EU rule (representation (1)), the containment of sets
of priors implies that mingec,, X .5 u(9(s))p(s) = mingec X qulg(s))p(s) =
max fes Minpee Y g u(f(s))p(s); however, it follows from Proposition 5 that
o) (((mascgen mingec . Ses ul(F(5)P(s)) i) > Mityec, Soes u(g(s))p(s). Com-
bining these two inequalities, one obtains that the value of information Z is always non-
negative.

Now consider the other direction, and suppose that Cizy & C; we shall show
that there exists A € p(A) with ¢z ((maxfeA Mingec,;,, Zsesu(f(s))p(s))kek)
max e 4 Minpee Y o u(f(5))p(s). Since Ciz) & C, there exists p € A(X) with p € C7)\C.
By a separation theorem (Aliprantis and Border, 2007, 5.80), there is a nonzero linear
functional ¢ on ba(S) and a € R such that ¢(p) < a < ¢(q) for all ¢ € C. Since
S is finite (so B is finite-dimensional), B is reflexive, and, by the standard isomor-
phism between ba(S) and B*, it follows that ba(S)* is isometrically isomorphic to B
(Dunford and Schwartz, 1958, IV.3); hence there is a real-valued function ¢ € B such
that ¢(q) = > ..qa(s)p(s) for any ¢ € ba(S). Without loss of generality ¢,a can be

chosen so that a takes values in the range of u. Take g € A such that w o g = a,
and consider the menu {g}. ¢ ((maxfe{g} MiNpec 4, Dses Ul )ke ) =
¢(I) ((minpec(z)k ZseS u(g(s))p(s))keK) = mlnpec(r) ZseS u(g(s))p(s)-
However, by the definition of g,  mingec, X5 u(9(s))p(s) <
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mingee esu(g(s)p(s) = maxgery mingee Y g ulf(s))p(s): Hence

0w ((max ety mityec, Soes u(DPS))ere) < MXsete) Miyee T ulF(5)p(5),
as required.
O

Proof of Proposition A.1. By the definition of learnable events, for each A;, there exists C;
such that <, is represented by C; according to (1). By the definition of 2-nullness, for
any Q-non-null A;, C; € {C;}es (it is one of the epistemic contingencies). Moreover, for
any A;, Aj, € {A;}jes, Cj, # Cj,: if not, then for any state s such that p(s) > 0 for some
peC; =C;, =Cj,, (s,C;) € Aj, n A,,, contradicting the disjointness of the elements of the
partition. So, for any learnable partition {A;};c;, there is an injective map from the non-
null elements of {A;},e; to the set of epistemic contingencies {C; };c;. Moreover, this map
is surjective: for any epistemic contingency C;, there is a 2-non-null state (s, C;), and hence
there is a cell A; of the partition such that the associated set of priors C;; = C;. So, for
any learnable partition, there is a bijection between the cells of this partition and the set of
epistemic contingencies; moreover, this bijection is such that, for each cell of the partition,
the preferences conditional on this cell coincide with the epistemic contingency related to
it by the bijection. The equivalence between the two conditions follows immediately.

[

B.2  Proof of Theorem 1

We first consider the direction (i) to (ii). The proof proceeds as follows. Firstly, us-
ing monotonicity (A7) we show that ¢ generates a choice function on a subset of the set
of real-valued functions on S, which can be extended to a choice function on the whole
set satisfying Chernoff, Aizerman, upper hemicontinuity and choice-function versions of
constant linearity, superadditivity, monotonicity and union C-independence (Lemmas B.1
and B.2). The most important step in the proof is Proposition B.1, which shows that, for
any set A and any a € c(fl), there exists a closed convex set of finitely additive probability
measures such that the maxmin expectation represents c in the sense that any maximal ele-
ment over A’ according to maxmin expectation with this set of priors is in ¢(A’), and such
that @ maximises the maxmin expctation on A. Taking the union of such sets of probability

measures over all pairs a, A with a € ¢(A) yields the required set P.
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B.2.1 Preliminary Lemmas

By Al and A4 and standard choice theory results (for example Sen (1971)), the restric-
tion of c to sets containing only constant acts is represented in the standard way by a re-
flexive transitive complete order. By A3, AS and A9 and the Herstein-Milnor theorem, this
order (and hence the restriction of the choice function) is represented by a non-degenerate
affine utility function u; by A9, u is continuous. Let K = u(A(X)) and B(K) be the set
of functions in B taking values in K. Without loss of generality, it can be assumed that

0 € K, and it is not on its boundary.

Lemma B.1. For A, B < A, suppose that there is a bijection o : A — B such that, for all

feA c{f(s),a(f)s)}) = {f(s),0(f)(s)} for all s € S. Then ¢(B) = a(c(A)).

Proof. Let A and B satisfy the properties specified, and let f € ¢(A). By applying A7 on
the sets A and A U B, we have that ¢(A) < ¢(A u B). We distinguish two cases. If there
exists d € A(X) withd ¢ c({f(s),d}) forall s € S, then consider ¢c((AuB),du{c(f)}) for
a€(0,1). By A7, fod ¢ c((AuB)oduf{o(f)}), whence c(A)nd & c((AuB)odu{o(f)});
it thus follows from A2 and A5 that o (f) € c((AuB)adu{c(f)}). By A9 and the fact that,
asa — 1, (AuB),duio(f)} = AuB,o(f) € c(AuB). By Al, o(f) € ¢(B) as required.
If there is no d € A(X) with d ¢ c¢({f(s),d}) for all s € S, then take any e € A(X) with
u(e) non-minimal in K and 5 € (0,1). There exists d € A(X) with d ¢ c({fse(s),d})
for all s € S; applying the previous argument to ((A U B)ge)d U {(o(f))ge} yields the
conclusion that (o(f))ge € c¢(Bge). It follows by AS that o(f) € ¢(B) as required. By a
similar argument on g € ¢(B), the result is obtained.

O

There is thus a many-to-one mapping between acts in A and elements of B(K), given
by a = uwo f, for f € A. Define the choice function cp(x), on B(K), as follows: for
A€ p(B(K)),and A’ € p(A) such that A = uo A, cpk)(A) = uoc(A’) By Lemma B.1,
cB(K) 18 well-defined. Let owa(B) be the set of closed bounded subsets of B.

Lemma B.2. There exists a choice function ¢ : ppaa(B) — ©paa(B) on B such that:
i. forall Ae p(B(K)), c(A) = cpx)(A)

ii. c satisfies Chernoff and Aizerman (that is, Al and A2)*

ZHenceforth, we shall refer to these properties by these names.
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iii. cis constant linear: for all A € ppqq(B), a > 0and x € R, c(0A+2*) = ac(A) +z*

iv. cis constant independent: for all A € ppaa(B), o € (0,1) and x € R with z* € ¢(A),
c(A) S c(Au (@A + (1 —a)z*))

v. ¢ is monotonic: for all A, B € ©paqa(B) with A < B, if for each b € B, there exists
a € Awitha = b, then ¢(A) € ¢(B), and, for any b € B, if there exists a € B with
a>b, thenb ¢ c(B).

vi. cis superadditive: for all A € ppaq(B), A" < c¢(A), a' € c(Au{d'}) forall a' € co(A)
whenever there exist t € R and b € A’ such that: i. ca+ (1—a)z* € A’ foralla e A,
ae€ (0,1); and ii. ab+ (1 — a)z* ¢ c(A v {a+y*}) forallae A, y > 0 and
ae (0,1).

vii. ¢ is upper hemicontinuous: for all sequences (Ap)nen, An € paa(B) and A €
ovad(B) with A,, — A and for all sequences (a,)nen, an € B, with a,, € A, for
alln € N, ifa, — a, then a € c¢(A).

Proof. Define ¢ on B(K) by clause i. Note that, applying A5 on the inverse image of A
and the inverse image of 0*, we have that, for any A € p(B(K)) and « € (0,1), c(aA) =
ac(A). Tt follows that, for any A € p(B(K)) with aA € p(B(K)) where a > 1, c(aA) =
ac(A). ¢ can thus be coherently extended to ppqq(B) as follows: for A € ppaqa(B), c(A) =
1¢(aA), where o > 0 is such that aA € p(B(K)). Note that ¢ is positively homogeneous
and satisfies the choice properties (point ii) by Al and A2. Moreover, it is constant additive:
applying A5 to the inverse image of 2A and 2x* (or appropriate products with a sufficiently
small o), we have that ¢(A + z*) = ¢(5(24) + 3(22*)) = 3¢(24) + 3(22*) = ¢(A) + z*,
as required. So c is constant linear. The remaining properties are a direct consequence of
axioms A6—A9 (multiplying by a sufficiently small o where appropriate).

]

B.2.2  Proposition B.1

As stated above, the following proposition is the central part of the proof.

Proposition B.1. Let ¢ : ppq(B) — ©paa(B) be a choice function satisfying the properties
in Lemma B.2, and suppose that, for some i € A € ©y4(B), @ € c(A). Then there exists a

closed convex set C, j of finitely additive probability measures such that:
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(1) Forall A € ppaa(B),

9) b € arg max min b'(s)p(s) =bec(A
( gmas min SLV(0(5) = be e(4

(2) a € argmaxye; minpec, ; o5 0'(s)p(s)

Proof. We consider the case where a is not a constant act; the case where is it a constant
act is treated similarly, by using the construction below with a non-constant act a such that
{aa + (1 —a)al a € |0,1]} = c({aa + (1 — a)a| a € [0, 1]}).

We begin with some notation. First, recall that B is (isomorphic to) Euclidean space, so
for ease we may use Euclidean notation and intuition at points. In particular, let || - || be the
Euclidean norm. Let U; = {b € B | inf,ex ||b — 2*| < inf,ex |a — 2*||}: this is the smallest
‘tube’ around the ray generated by the unit vector containing a. By the assumption that a
is not constant, it is not a ray. Moreover, for any a € B, leta = {aa + 2*| a = 0, z € R};
this is the positive half-plane generated by a and the unit vector, with as boundary the ray
generated by the unit vector. It is straightforward to check that the {a\*| a € B\R*} form
a partition of B\R*; call the set of equivalence classes of the partition Q.

For a € B, © € R, we define [a,2*] = {aa + (1 — a)z*| a € [0,1]}, and = =
{la,z*]| a € B, x € R, c([a,x*]) = [a,z*]}. Moreover, for any A € psa(B) and = € R,

X2 = ,cala, %] Note that, since A is closed and bounded, so is X 2.
Now consider the set Z of pairs (O, I) where:
1. O is a non-empty convex closed subset of B such that:

a. forallae B,ifaec O,thena < O

b. aeO
2. I: O — Ris a functional with the following properties:

a. I is monotonic: forall a,b e B,ifa = b, I(a) = I(b)

b. [ is constant linear (ie. constant additive and positively homogeneous): for all

acO0,xeR,a>0,I(aa+2*)=al(a)+x

c. [ issuperadditive: for any a € [0, 1], I{ca + (1 — a)b) = al(a) + (1 — «)1(b)
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d. I represents c on O: for all A € p44(0), argmax, I < c¢(A)
e. acargmax, ./l
f. forany A’ € ppga(O) with A’ € {a € O|l(a) = I(a)}, A’ < c¢(A" U Xf}&))

g. forevery A € ppqqa(O) with ({a € O|I(a) = I(a)} N Us) U Xf%&) c A, and for
every ' € {a € O|I(a) = I(a)} n Uz and every z > 0, aa + (1 — a)(I(a))* ¢
c(Au{d + z*}) forevery a € (0, 1).

Note that, by property 2f, Chernoff, and the definition of Uy, [a, [ (a)*] € {a € O|I(a) =
I(&)} M U@.
Z is equipped with the order <, defined as follows: (O1, I1) < (Os, I5) iff:

e O, C Oy

[ ] [1 = IQ|01

This is evidently a partial order. In a pair of auxiliary lemmas (proved in Section B.3),
we show that any element of this order not containing some b € B can be extended to
another element in Z containing it (Lemma B.4) and that Z is non-empty (Lemma B.12).
Since, for each (O, ) € Z, O is the convex hull of a set of half-planes, and B is finite
dimensional, all chains of elements of Z must be finite. Hence every chain has an upper
bound, which is in fact its top element. Take any maximal chain, in the sense that there
isno (0", I") € Z which is (O",I") > (O',I') for all (O',I') in the chain. For the top
element of this chain, O = B; if not, then there exists b ¢ O, whence, by Lemma B.4, there
isa (O, I') e Zwith (0',I') > (O, I). Hence there is an element (B, I) € Z, with I being
a monotonic, constant linear, superadditive functional on B representing c (in the sense of
property 2d) and satisfying property 2e.

By the result in Gilboa and Schmeidler (1989) (in particular Lemma 3.5 onwards),
there exists a unique closed convex set of probability measures C& 4 such that I(a) =
mineec, ; 5.5 @(s)p(s). By the fact that I represents c, it follows that (9) holds for C, ;.
Moreover, by property 2e, a € arg max ; I, and s0 G € arg maxe s mingec, ; 2.5 b(s)p(s),
as required.

[
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B.2.3  Conclusion of the proof of Theorem 1

We conclude the direction (i) to (ii). Let P = {C, ; | A € praa(B), a € ¢(A)}, where
the C, i are as in Proposition B.1. By the definition of the choice function ¢ on B, and
clause 1 of Proposition B.1, for any C € P, if f € argmax,, minyec Y, g u(9(s))p(s),
then f € ¢(A). Moreover, for any f € Aand A € p(A), if f € ¢(A), then, by clause 2 of
Proposition B.1, f € arg max ¢ s minpec,,; .4 2uses %(9(5))p(s). Hence P and u represent
c according to (5).

As concerns the necessity of the axioms (the (ii) to (i) direction), all axioms are
evident or have been shown to be necessary elsewhere in the literature (see for ex-
ample Moulin (1985) for the necessity of Al and A2), except A8. To establish the
necessity of this axiom, we first claim that the conditions of the axiom imply that
there is a set C € P such that B < argmaxye, mingec Y, o u(h(s))p(s). Sup-
pose that this is not the case and consider the act ¢ € B mentioned in the axiom.
Take any set C; € P such that g,d € argmax., minyec, > .s u(h(s))p(s) for some
a € (0,1). By the reductio assumption, there must be an act f € B such that
f ¢ argmax,c, mingec, Y, g u(h(s))p(s); take such an f. By the facts just estab-
lished, and the fact that d € A, we have that minyec, >, .o u(g9ad(s))p(s) = u(d) and
Minpec, Y e U(gad(s))p(s) > mingee, D s u(f(s))p(s). It thus follows that there exists
e > dand € (0,1) such that minpec, >, .o u(gad(s))p(s) = mingec, Y q u(fse(s))p(s),
and hence, by the representation (5), that g,d € ¢(A U {fge}), contradicting A8. Hence
there is a set C € P such that B < arg maxy., mingec >, .o u(h(s))p(s), as required.
It follows by the concavity of the maxmin expected utility representation that, for any
f € conv(B), minpec Do u(f(5))p(s) = maxpes mingee Y g u(h(s))p(s), and so by
the representation (5), it follows that f € ¢(A U {f}) for all such f, as required.

The uniqueness of u follows from the standard von Neuman-Morgenstern result. We
now show the existence of a unique minimal P representing c. Let {P,,}men be the sets
of sets of priors representing ¢ according to (5) and let P = | J, .., P Let I index P.
Note that P also represents ¢ according to (5). Pick any d € A(X) and for each C; € P, let
A ={f e A| mingec, X su(f(s))p(s) = u(d)}. Since P represents c according to (5),
c(A;) = A, for all A;. Define the following order on {A; |i € [}: foralli,je I, A, 3 A;
iff there exists f € A;, e € A(X) with e < d and « € (0, 1) such that f,e € A;. Note that,
by the definition of A;, and the fact that, for all ¢, j € I, A; # A;, T is complete, and the
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strict relation is transitive. We say that a set A; is essential if there exists no set J < I\{i}
such that A; 3 A; forall je Jand ., A; 2 A;.

To get a preliminary understanding of these notions, note that, for any i € I, if f € A;
then f,d € A, for all « € [0,1]. Moreover, it follows from the representation that, if
A; 3 A;, then there exists f € A; such that f >, d. Hence, by the properties of the maxmin
EU representation, for all o« € [0,1), fod ¢ {h € A, | h >, g, Yg € A;}. Moreover, once
again by the properties of the EU maxmin representation, we have that, for any act f’ with
frd e Ayn Ajforall e [0,1], fad ¢ {he Aj | h =; g, Vge A} forall e [0,1). It
follows that not only {h € A; | h >, g, Vg € A;} # A, for any A; such that A; = A;, but
also that J; ,, 4,54,{h € Ai| h >=; g, Vg € A} # A;. This motivates the definition of
essential sets: they are those sets A; for which the fact that A; = ¢(A;) cannot be ‘attained’
using a set of sets A;. Uniqueness follows from Lemma B.3 below, which implies that
there is a unique minimal subset of P representing c; it follows in particular that this is

contained in every set of sets of priors P,, representing c.

Lemma B.3. {C; | i € I, A; essential} represents ¢ according to (5), and for any set
{Ck | k € K} with K < I that represents ¢, K 2 {i € I | A; essential}.

Proof. For ease of presentation, we reason on the preference relations <; generated by
the sets of priors C;; recall that the corresponding representation in terms of preference
orderings is (6), and that we use R to denote the set of preference relations generated by
P. We first show that {<; | i € I, A; essential} represents c. Since {<; |i€ [} =R
represents ¢, for each <;e {<; |ie I, A, essential} and eachset A€ p(A), {fe A| f >;
g, Vg € A} < c(A). So forevery A € p(A), U; 5.4, esseniatf € A1 f =i g, Vg€ A}
c(A). It remains to show the inverse inclusion. For reductio, suppose that it does not hold,
that is, that there exists A € p(A) and f € A such that f' & |, ;4. cssendarlf € A | f =i
g, Yg € A} but f’ € ¢(A). By the properties of the maxmin EU functional, the fact that R
represents ¢, and the definition of A;, it follows that there exists f € | J,.; 4:\ U A, essential A;.
Take any A; with f € A; that is Z-maximal — ie. for every A such that f € Ay, A; 2 Ay.
Since = is complete and the strict relation generated by it is transitive, such a maximal
element exists. For such A;, every set J < I\{i} such that | J,.; A; 2 A; must contain
some k such that f € Ay; however, by the definition of A;, it follows that A; = A;. Hence
A; is essential, contrary to the definition of f. So, by reductio, there exists no such f, and
Ui st.a, essendarlf € A1 f =i g, Vg€ A} = c¢(A); so {<; | i€ I, A; essential} represents
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¢, as required.

We now show that any subset of R representing ¢ must contain all elements yielding
essential A;. For reductio, suppose that there exists X' < [ with {<;, |k € K < I}
representing c and K D {i € I | A; essential}. Take any i € {i € I | A; essential}\ K, and
consider A;. Since ¢(A;) = A; by definition, there must exist J < K such that | J e A; 2
A; and A; 3 A; for all j € J. However, the existence of such a set contradicts the
assumption that A; is essential. Hence there exists no such K representing c, as required.
Hence the claim is established.

]

B.3 Auxiliary Lemmas for the Proof of Proposition B.1

Lemma B4. Let (O, 1) € Z be such that, forb € B, b ¢ O. Then there exists (O',1') >
(O, 1) withbe O,

Proof of Lemma B.4. Since b¢ O,bn O = R*. Let O' = co(O U b). We now extend I to
I on O'. Throughout the proof of this Lemma (and in particular Lemmas B.5-B.11), I will
remain fixed; as a point of notation, for any a € O, we let z,, € ;& be such that /(a) = z,.

Let [2;]° = {a € O|I(a) = I(a)} n U,. Note that, by the monotonicity and constant
linearity of I and the fact that U, is closed, [x;]° is closed and bounded. Note also that,
by the constant linearity of I, for any a € [2;]° and 3 € [0, 1], Ba + (1 — B)z} € [24]°;
hence, in particular, 3[x;]° + (1 — B)x% < [24]°.

Let [, = (O\O) n U+ n{a e B| Y, sa(s) = z;}. (Geometrically, this is the
intersection between the closure of O"\O, U+ and the hyperplane normal to the unit vector
going through z}.) I} is evidently closed and bounded and hence compact. Finally, for
a compact subspace F' © B and a continuous bounded function ¢ : F' — R, we let
Y, ={a+0(a)* | a € F}. Note that Y}, is closed and bounded, because it is the image of a
continuous map from a compact space to a Hausdorff one. We use < to denote the standard
dominance order on functions o (0 < ¢’ iff 0(a) < o’'(a) forall a € F).

Now consider the following set:

55



Brian Hill Dynamic Consistency and Ambiguity

[2:]° U Y, gc([x@]OuYa uXa‘i) &
VdeY,, [dat] Y, &

(10) Cp=do:F x| 4€Ye L4l Y
Va' € [24]° 0 Y,, V2> 0,Ya e (0,1),

ad+ (1 —a)zl ¢ c([aza]o uY,u{d + 2*} uX;i)

\
Note that, since [75]°, Y, and Xé are closed and bounded, so is [2;]° U Y, U Xé .

Lemma B.5. C), # (.

Proof. Consider {0 : F, — R| [24]° < c([2a]° v Y, U X;‘i)} This set is non-empty
by property 2f of I and the monotonicity of ¢ (property v in Lemma B.2). Moreover,
by the monotonicity of ¢ and Chernoff, for any ¢’,¢0” : F, — R with ¢/ > ¢" if ¢’ is
in this set, then so is ¢”. It follows by continuity (property vii in Lemma B.2) that this
set has a maximum element; let o be any such element. By definition, we thus have that
[24]° € c([za] VY, U X ﬁi ). Now consider any ¢ € F}, and ¢ > 0. By the maximality of o,
[24]C & c[za]® VY, e U X;i), where 0¢(c) = o(c) + e and 01¢(d) = o(d) for d # ¢; by
Chernoff, it follows that [24]° & c([z4]° U Y, U {c+ (a(c) +€)*} U Xé). It follows from
Aizerman that c+ (o(c) +€)* € c([z;]° U Y, U{c+ (o(c) +€)* U Xi). Since this holds for
any € > 0, it follows from continuity (property vii) that ¢ + o(c)* € ¢([z;]° U Y, U X ;‘i ).
Since this holds for all ¢ € Fy, we have that [75]° UY, S ¢([24]° U Y, U X f& ). (Note that
it follows in particular, using monotonicity, that for all a € [24]° N Fy, o(a) = 0.)

We now show that [d, 23] < Y, for all d € Y,. Take any d € Y, and any v € (0,1),
and consider ¢([z4]° U Y, U XA U (y ([x&]o UY, U XA ) + (1 —~)a)). Since, by their
definition, y[24]° + (1 — v)z% < [24]° and ”yXf& + (1 —7)xk < Xai, c([za]® U Y, U
XA G (y ([xd]o uY, U XA) +(1=7)a2)) = e([za] U Yy U (W + (1—7)zk) U XA),
Since z} € [x4]°, it follows from constant independence (property iv) that [24]° U Y, <
c([za]° VY, U (VY + (1 =)z u X fﬁ ). Moreover, it follows from the maximality of Y,
that, for every z > 0, [24]° & c([7a] U Y, U {d + 2*} U X;i), so, by constant linearity
V2] + (1 — 7zt & e(y ([x&]o Y, U{d+ 2"} U XA) + (1 — ~)a), whence, by
Chernoff v[25]° + (1 — )zt &€ c([2a]° U Y, U {y(d + 2*) + (1 — y)xa} U (VY +
(1 —7)xk) v Xé). By Aizerman it follows that v(d + 2*) + (1 — y)x% € c([z4]° U
Yoo {y(d+2*)+ (1 =)}t v (7Y, + (1 —y)zk) u X;i) for every z > 0, so by
continuity vd + (1 — )zt € c([za]® U Y, U (7Yy + (1 — 9)2%) U X2). Since d € Vs,
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it follows by the definition of Y, that there exists x € R such that vd + x* € Y,. Hence,
vd + x*,yd + (1 — y)xk € c([za]® VY, U (7Y, + (1 = y)a) U Xé); by monotonicity
(property v), it follows that x = (1 — )4, and so vd + (1 — )z € Y,. Since this holds
for every 7y € (0, 1), we have that [d, x%] < Y, as required.

It remains to show that aa + (1 — o)z ¢ ¢ ([xﬁ]o vY,u{d +2*} U Xé) for
all @ € [24]° U Y,, 2 > 0 and a € (0,1). First note that, by property 2g,
ad + (1 — o)z ¢ ¢ ([x&]o vY,u{d +z*}t v Xé) for all ' € [73]°, 2 > 0 and
a € (0,1). We show that this is in fact the case for every a’ € [24]° U Y,. For re-
ductio, take any d € Y, and z > 0 and o € (0, 1) and suppose that aa + (1 — )z €
c ([md]o uY,u{d+ 2"} U Xf&). Consider any a' € [74]° and v € (0,1); by prop-
erty 2g, aa + (1 — a)xi ¢ ¢ ([xd]o vY,u{yd +y*)+ 1A —v)ai,d+ 2*} U Xf&)
for any y > 0. It follows from Aizerman that v(a' + y*) + (1 — vy)zi €
c ([xa]o vY,u{y(d +y*)+ (1 =)k, d+ z*} v X;i), and hence by continuity
(property vii), va' + (1 — vy)zi € ¢ ([ac&]o uY,u{d+z*}u de). Since
this holds for every v € (0,1) and o’ € [24]9, it follows that [23]° <
c ([xd]o uY, u{d+2*}u Xé’), contradicting the maximality of o. Hence ad + (1 —
a)ri ¢ c ([:p@]o uY,u{d+z*}tu X;i) forany d € Y,, z > 0 and « € (0, 1), and so
aa + (1 —a)xl ¢ c ([x&]o uY,uf{d + 2%} U X;i) forall a’ € [24]° UY,, 2 > 0 and
a € (0,1), as required.

[

Lemma B.6. Forall d € F,, o > 0 and x € R such that ad + z* € F, and all o € C,
olad + z*) = (1 — o)zt — z* + ao(d).

Proof. Tt suffices to show this for all « € (0, 1]; the other cases follow immediately. Sup-
pose that d, ad + x* € F,, for a € (0, 1], and o € Cy. Since d + o(d)* € Y, it follows from
the definition of C}, that o(d + o(d)*) + (1 — o)z} € Y,. It thus follows by monotonicity
(property v) and the definition Cj, o(ad + z*) is such that ad + z* + o(ad + x*)* =
a(d+o(d)*) + (1 —a)xi. Soo(ad + z*) = (1 — a)xk — a* + ao(d), as required.

U

Take any element 0 € Cj; Lemma B.5 guarantees that such an element exists. Let

I" : O U F, — R to be the functional extending / and such that /”(d) = x; — o(d) for
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d € F,. By Lemma B.6, I” is constant linear where defined; hence, by the definition of
Fy and O, there exists a unique constant linear extension to O, which we call I’. By the
definition of (', the constant linearity of ¢ and Chernoff, I’ satisfies properties 2f and 2g.

We now establish several other properties of /'.

Lemma B.7. [’ satisfies property 2e: forall d € O', if d € A, then I'(d) < zs.

Proof. Since for d € O this follows from the properties of [, it suffices to consider d €
ON\O. Suppose for reductio that d € A and I’(d) > z,. By the definition of F}, there exists
B € (0,1], x € Rsuch that fd+a* € Fy; hence 5 (va—0(Bd+2*)~x) = I'(d) > 4. By the
definition of Cj,, we have that fd+x* + o (Bd+2*)* € ¢([24]° VY, U X! ); however, by the
monotonicity of ¢ (property v of Lemma B.2), since fd + (1 — 8)x% € X ;4; c [za]°uY, U
XA andz+o(Bd+a*) < (1—B)ws, fd+a* +o(Bd+a*)* ¢ c([za]O Ub+2*, aX]uX D),
which is a contradiction. So I'(d) < x4, as required.

O

Lemma B.8. I’ is superadditive: forall a,a’ € O' and o € |0, 1], then I'(aa+ (1 —a)a') =
al'(a) + (1 —a)l(a).

Proof. We show the result for a, a’ € U; it extends to other cases by the constant linearity
of I'. Suppose for reductio that for some a,a’ € O' n U;, a € [0,1], I'(aa + (1 —
a)a') < al'(a) + (1 — a)l’(a’). By the convexity of U; and the definition of [z4]°, Fj,
and I', aa + (1 — a)a’ + (x5 — I'(ca + (1 — a)a’))* € [24]° U Y,. Similarly, a +
(va — I'(a))*,d + (xg — I'(a')* € [24]° U Y,. It follows from the definition of Cj,
and superadditivity (property vi of Lemma B.2) that d € ¢ ([a:@]o uY,u{dtuX f& ) for
all d € co([z4]° U Y,); hence ala + (x5 — I'(a))*) + (1 — a)(a’ + (xa — I'(a')*) €
c([za]° U{a(a+ (za—I'(a)*)+ (1—a)(d + (za—I'(d'))*)} VY, uXéL). However, since
I'aa+(1—a)d) < al'(a)+(1—a)l(d), ca+(1—a)d' + (xs—I'(aa+ (1—a)d')))* € Y,
strictly dominates a(a+ (5 —I'(a))*) + (1 —a)(a' + (x5 — I'(a'))*), and so it follows from
that monotonicity of ¢ (property v of Lemma B.2) that a(a + (x5 — I'(a))*) + (1 — a)(a’ +
(za=1"(a"))*) ¢ e([za]® U{a(a+(wa—T"(@))*)+(1=a)(a'+(za—I'(a))*) LY, LX),
which is a contradiction. Hence I'(cva + (1 — «)d’)) = al’(a) + (1 — a)I(a’), as required.

[

Lemma B.9. I’ is monotonic: for every a,d € O', if d < a, then I'(d) < I'(a).
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Proof. We show the result for a, d € Uy; it extends to other cases by the constant linearity
of I'. Consider a, a’ € O’ n Uy; by the definition of [13]°, F, and I', a + (x4 — I'(a))*, d +
(4 — I'(d))* € [24]° U Y. If d < a, then, by the monotonicity of ¢, for each iy > 0, since
d+ (zs—I'(a) —y)* <a+ (vs—I'(a))* d+ (x5 — I'(a) —y)* ¢ c([24]° VY, U {d+
(xa — I'(a) —y)*} U Xﬁi), and so x5 — I'(a) —y # x4 — I'(d). Hence I'(a) = I'(d), as
required.

0

It remains to show that [’ represents ¢ on O’ (property 2d). For this, we need the

following preliminary lemma.

Lemma B.10. Let A € p4(0’), A < P for some P € Q, and let x € R be such that
x = I'(a") for all " € A. Then there exists a € P such that ¢(A u [a, z*]) = [a, z*].

Proof. By the constant linearity of I’, there exists a’ € P with I'(a’) = x. Moreover, for
any d € A, since da’,d € P, it follows from the definition of Q that d = ad’ + z* for
some o > 0 and z € R. Hence there exists 74 = 1, 5’ € [0,1] and ¢’ € R such that
d = [ (ysa" + (1 —q)x*) + (1 — B')y’*; take any such ~,. Since A is closed and bounded,
there exists v = 7, forall d € A; let a = ya’ + (1 —~)x*. By construction (and the constant
linearity of I'), I'(a) = x, and, for each d € A, there exists § € [0, 1] and y € R such that
d = pa + (1 — B)y*. It follows that, for any d € A with I'(d) = x, d € |a, z*].

First we show that, for each d € A with I'(d) < z, d ¢ ¢(A v |a,z*]). Letd € A be
such that I’(d) < z. By the previous observation, there exists 5 € [0,1) and y € R such
that d = fa + (1 — B)y*. Since, by constant linearity of I’, I'(d) = fI'(a) + (1 — By <
x = I'(a), we have that y < x. Hence, by the monotonicity of ¢, d = fa + (1 — f)y* ¢
c({Ba+(1—-P)y*, Ba+ (1—pP)x*}). Since fa+ (1—F)z* € [a, z*], it follows by Chernoff
that d ¢ c(A U [a, 2*]), as required.

It follows that c(A U [a,2*]) < [a,x*]. By Chernoff and Aizerman,*’ it follows that
c(Aula,z*]) = c(la, z*]) = |a,z*|, where the second equality holds by property 2f of I,
the constant linearity of ¢, and Chernoff.

O

Lemma B.11. [’ represents c on O': for any A € ppaqa(O’), argmax, I' € c¢(A).

?"Note that, in the presence of Chernoff, Aizerman is equivalent to: ¢(B) € A € B = ¢(B) = c(A).
(See, for example, Moulin (1985).)
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Proof. If A < O, the result follows from that fact that I’ extends / and the fact that
(O,I) € Z. So suppose that this is not the case, and consider a € argmax, I’. By
Lemma B.10, for each P € Q with A n P # (&, there exists a), € P with I'(ap) = I'(a)
and ¢((A N P) U [dp, 2*]) = [ap, x%]. For such each P, let A} = (A n P) U [ap, z%].
By Chernoff and Aizerman,” c(p ,; anprg AP) = (Up st anprgldps ©i]). More-
over, c(Up o1 anprgl@p: @al) = Up o1 anpeglde, ©;], by property 2f of I', the con-
stant linearity of ¢, and Chernoff. Hence, in particular, ¢ € ¢((Up 4 4-p -5 A%); since
A S Up o1 Anprg AP, it follows by Chernoff that a € c¢(A), as required.

[

0 (0, I') € Zsuchthatb € O and (O,I) < (O',I'). This concludes the proof of
Lemma B .4. O]

Lemma B.12. Z is non-empty.

Proof of Lemma B.12. Define C; as follows:

= (X) &

(11) Co={yeR Vae[d *], V2 > 0,Ya e (0, 1),
aq+ (1 —a)y* ¢c({a —i—z}wXA)

We first establish the non-emptyness of Cj;, by an argument related
to, but not identical to, that used in the proof of Lemma B.5. Consider
{0 :[0,1) — §R‘ aec (A u{aa+ (1 —a)o(a)* | ae |0, 1)}) } By the monotonicity
of c and the fact that a € c(/l), this set is non-empty. Moreover, by the monotonicity and
continuity of ¢, it has a maximal element; let o be such an element. By the maximality of
7,8 € c (A U fai + (1 — a)o(a)* | ae [0, 1]}). For a € [0,1) and € > 0, define o+
by: 01¢(a) = o(«a) + e and 01¢(B) = o(B) for § # «. By the maximality of o, for any
aef0,1)ande>0,a¢c (A U {ai+ (1—a)or(a)* |ae o, 1)}). It follows by Aizer-
man that ada+(1—a)(o(a)+€)* € ¢ (A U {ai+ (1—a)ar(a)* | aelo, 1)}). Since this
holds for all € > 0 and « € [0, 1), it follows from continuity that {aa + (1 — a)o(a)* | a €
[0,1)} < ¢ (fl ufad+ (1 —a)o(a)* | ae |0, 1]}) Let y = 0(0); in particular, we have

28Chernoff and Aizerman imply that ¢(| J = ¢(U;es c(Ai)). See for example Moulin (1985, Lemma

6), whose proof for the case of finite unions is stralghtforwardly extended to infinite unions.

zEI
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that y* € ¢ (A u{aa+ (1 —a)o(a)* | ae |0, 1)}) It follows, by repeated applications
of constant independence and Chernoff, that {&,y*} U {ad + (1 — a)o(a)* | a €
010} € (5 O U@ A+ (1= Ufaa+ (1 —a)oa)* e (0.1)).
Taking the limit as 6 — 1 and n — oo, it follows from continuity that
{a,y*} U{aa+(1—a)o(a)* |ae (0,1)} € ¢ (Xj U {ad+ (1—a)o(a)* | ae (0, 1)}).

We now show that o(«) = y for all @ € (0,1). Take any 5 € (0,1). Since BX;‘ +
1-B)y* < X\, X} ufad + (1 - a)o(a)* | a e (0,1)} u (B(X) U {aa + (1 —
a)o(a)* |ae (0,1)}) + (1 —p)y*) = Xf viaa+ (1 —a)o(a)* |ae (0,1)} v (B{aa+
(1 —a)o(a)* | ae (0,1)} + (1 — B)y*). It follows from the constant independence of ¢
that {a,y*} v {aa + (1 — @)o(a)* | @ € (0,1)} < C(Xf viaa+ (1 —a)o(a)* | a e
0,1)} u (B{aa + (1 —a)o(a)* | a e (0,1)} + (1 — B)y*)). However, for any z > 0, by
monotonicity, a ¢ ¢ (X;4 ufaa+ (1 —a)o(a)* |ace (0,1)}u{a+ z*}), so by constant
linearity and Chernoff, fa + (1 — 5)y* ¢ c(Xf viaa + (1 —a)o(a)* | ae (0,1)} v
(Blaa+(1—a)o(a)* |ae (0,1)}+(1-B)y*) u{B(a+z*)+ (1—5)y*}). It follows from
Aizerman that S(a +z*) + (1 —fB)y* € c(Xz‘ji v{aa+(1—a)o(a)* |ae (0,1)}u (B{aa+
(1—-a)o(@)*|ae(0,1)} +(1—B)y*) u{B(a+z*)+ (1 — B)y*}); since this holds for
every z > 0, we have, by continuity that fa+ (1 —f)y* € c(Xfu{adJr (1—a)o()* |ae
0,1)} v (Blad + (1 —a)o(a)* | a € (0,1)} + (1 — B)y*)). However, as noted above,
Ba+(1—pB)o(B)* € c(kaJ{ad—l—(l—a)a(oz)* |ae (0,1)}u(B{aa+(1—a)o(a)* |a e
(0, 1)} + (1 — B)y*)); it follows from the monotonicity of ¢ that o(b) = y. Applying
this to all § € (0, 1), we have that the required conclusion. It follows in particular that
[a, y*] < e(X).

It remains to show that aa + (1 — a)y* ¢ c ({a’ +z*} v X{f) for all @ € (0, 1),
a € [a,y*] and z > 0. We proceed by reductio: let « € (0,1), ' € [a,y*]
and z > 0 be such that aa + (1 — a)y* € ¢ ({a’ + 2%} U Xf) for all @ € (0,1).
By definition ¢’ = fa + (1 — f)y*; we distinguish cases according to whether § <
« or not. First suppose that 5 < «a. Chernoff implies that aa + (1 — a)y* €
¢ ({Bd L (=B + 2t ufad+ (1—a)y* |de A}). But since {Ba + (1 — B)y* +
Y o{ad+ (1—a)y* |de A} = a{Ga+ (1 -2y + L0 X{f‘) + (1 — a)y*,
it follows from constant linearity of ¢ that a € c({(Za + (1 — £)y*) + L2*)} U XyA), con-

« «

tradicting the maximality of a(g) = y. Now suppose that 5 > «a. Take any v < %; by
constant independence, aa + (1 — a)y* € ¢ ({a' + 2%, 9(d +2*)+ (1 —7y)y*} v XyA),
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and so, by Chernoff, aa + (1 — a)y* € ¢ ({7(@' + 25+ (1 —7y)y*}u Xf). Since
v(a + 2*) + (1 — y)y* = vBa + (1 — vB)y* + ~z*, the conditions of the previous case
are satisfied; the previous argument can thus be employed, yielding a contradiction. So
ad+(1—a)y* ¢ c ({a’ + 2*} v XyA) foralla € (0,1), d' € [a,y*] and z > 0, as required.

The construction of a functional / on a proceeds in an analogous way to the proof of
Lemma B.4; the proofs that it satisfies the appropriate conditions are either trivial or follow

the same reasoning as used in the proof of Lemma B .4.
]
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