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Abstract

Integrating experts’ judgements into choice is a problem of belief
aggregation for the purposes of subsequent decision. As a new ap-
proach to this problem, this paper develops an aggregation rule for
confidence in beliefs, characterised by a novel Pareto condition that
enjoins respecting consensuses borne of compromise. Confidence ag-
gregation generalises standard probability aggregation rules such as
linear pooling, whilst avoiding the spurious unanimity issues that
have plagued them. It generates the first probability aggregation
rule that can faithfully accommodate within-person cross-issue ex-
pertise diversity, hence resolving a longstanding challenge. When
combined with existing accounts of decision under uncertainty, it
naturally generalises Bayesian and non-Bayesian approaches to mis-
specification of multiple probabilistic models, providing a taxonomy
that situates existing approaches along separate aggregation and de-
cision dimensions. It is dynamically rational, insofar as it commutes

with update.
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1 Introduction

How should policy decisions be taken on the the basis of honest and well-
intentioned experts’ beliefs? Conceptually, this involves belief aggregation
for the purposes of subsequent decision. In practice, institutions at the
science-policy frontier often reflect this two-stage structure. Science repre-
sentatives such as Chief Science Advisor in the UK and the CDC Director
in the US are charged with providing policy-relevant assessments that re-
flect the range of expert opinion; institutions such as the IPCC aim to
summarise scientific knowledge on a topic, in order to inform policy. They
play the role of ‘representatives’, collating, evaluating and aggregating ex-
pert judgements, providing input to subsequent policy decisions. Much
the same goes when the ‘experts’ are models. Given the informative yet
imperfect nature of models in economics, climate science and many other
fields, scientists draw on them to form judgements incorporating their un-
certainty about model correctness—judgements that feed into subsequent
decision making. As such, they play the role of representatives drawing on
‘model expertise’ and providing input for subsequent decision. These are
instances of the aggregation-for-subsequent-decision problem, involving: a
group of indiwiduals each of whom provides input; a representative who
aggregates them heeding her judgements about the individuals’ respective
expertise; and a decision maker who relies on the aggregate judgement to
inform (policy) choice.

The classic Bayesian approach to this problem assumes the individuals’
input to come in the form of probability measures; it aggregates them
into a ‘group’ probability measure, which feeds into a Subjective Expected
Utility (EU) decision rule. It applies whether the individuals are humans or
models: indeed, the popular Bayesian Model Averaging approach to model
uncertainty in statistics and economics (Raftery et al., 1997; Steel, 2020)
essentially aggregates using a special case of linear pooling (e.g. Stone,
1961; Cooke, 1991; Gilboa et al., 2004), which takes a weighted average of
probabilistic beliefs, with subsequent EU-based decision making.

However, this paradigm faces three apparently orthogonal challenges,
concerning both the aggregation and the decision dimensions. This pa-

per develops a single approach to the general aggregation-for-subsequent-
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Labour Real Estate Both
Laura 0.9 0.1 0.09
Ray 0.1 0.9 0.09
Linear pool | 0.1 +0.8w* 0.9 — 0.8w"” 0.09

Table 1: Probability that a certain interest rate has a limited effect on the
sector(s) in the top row

Final row gives the results of linear pooling p(E) = w*p*(E) + (1 — wh)pf(E), with w”
the weight for Laura, and 1 — w” for Ray.

decision problem that resolves them all. We begin by presenting them.

The decision challenge is exemplified by approaches motivated by the
fear of model misspecification. They take the same input as the Bayesian
approach—a probability measure for each individual—but inject them di-
rectly into a non-EU decision rule that permits cautious attitudes to model
misspecification (Hansen and Sargent, 2001, 2022).

The two aggregation challenges can be illustrated on an example of a
(two-member) central bank committee pondering whether to make a given
interest rate rise. The committee agree that the determining factor in the
choice is whether the rise has a limited (negative) effect on both the labour
market and the real estate sector. Table 1 displays the two members’
probability judgements for the rise having a limited effect on each of these
sectors, and on both. Though both are competent economists, Laura is a
specialist in the labour market, whilst Ray’s field of expertise is the real
estate sector. As is clear from the table, whilst they disagree significantly
on the effect of the rise on each sector, they agree on the probability that
it will have a limited effect on both sectors.

The first aggregation challenge concerns the treatment of unanimity by
linear pooling, the result of which is shown in the final row of Table 1. Irre-
spective of the weights assigned to the individuals, the linear pool preserves
their common judgement on the effect on both sectors—a consequence of
the Pareto principle in this context (Mongin, 1995). However, the agree-
ment on this probability is arguably spurious, resulting from the fortuitous
interplay of two fundamental disagreements. After all, Laura gives a low
probability to a limited effect on both sectors because of the low probability

she assigns to the real estate event; Ray does so because of the low prob-



Brian Hill Confidence, consensus and aggregation

ability he assigns concerning the labour market; and they disagree on the
judgements concerning labour and real estate alone. Several authors have
argued that the automatic respect of such spurious unanimity is unjustified
(Mongin, 2016), and hence a problem for linear pooling (Bradley, 2017b;
Mongin and Pivato, 2020; Dietrich, 2021).

The second aggregation challenge involves the way that pooling rules
typically incorporate expertise. They do so through the weights in the rule
(w® in Table 1): each individual is allocated a single weight, with larger
weights given to individuals with more expertise overall. They thus cannot
reflect expertise differences across issues. For instance, linear pooling can-
not capture the fact that Laura has more expertise on the labour market
than the real estate sector (Genest and Zidek, 1986; French, 1985). How-
ever, in examples such as this, involving within-person expertise diversity,
one might want to respect Laura’s opinion more on labour and Ray’s more
on real estate. Linear pooling, like virtually all probability aggregation
rules in the literature, does not allow this. Even model misspecification
approaches (Hansen and Sargent, 2022; Cerreia—Vioglio et al., 2025) assign
a single weight to each model, hence precluding expertise diversity of the
same model across different issues (see Section 5.3).

All three challenges matter for the committee’s decision in this example.
Integration of model uncertainty or misspecification attitudes can clearly
affect the decision. But even sticking to EU, the aggregation issues will im-
pact the subsequent decision. Whilst under linear pooling, the aggregate
probability of a limited effect on both sectors is low, following each expert’s
judgement on their respective sectors of expertise would suggest a signifi-
cantly higher probability, hence driving a different decision on whether to
implement the rise. Moreover, the decision-relevant factor—whether there
is a limited effect on both sectors—Ilies at the intersection of the committee
members’ fields of expertise, hence posing the problem of how to incorpo-
rate their different levels of expertise across issues.

This paper develops a new approach to the general aggregation-for-
subsequent-decision problem. By encompassing both Bayesian probabil-
ity aggregation and recent model misspecification models, it situates the
differences between them—hence tackling the decision challenge. It natu-

rally integrates within-person cross-issue expertise diversity, whilst avoiding
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commitment to spurious unanimity—thus resolving the aggregation chal-
lenges.

The heart of the proposal—and first contribution of the paper—is a new
aggregation rule for confidence in beliefs. Confidence in (experts’ or mod-
els’) beliefs is prima facie relevant for reflecting the extent of model uncer-
tainty or misspecification, and several models of decision under uncertainty
can be interpreted as involving confidence in beliefs in their representation
of belief states (e.g. Marinacci, 2015; Maccheroni et al., 2006; Chateauneuf
and Faro, 2009; Hill, 2013, 2019b; Bradley, 2017a). Our confidence ag-
gregation rule enjoys independent normative justification, as witnessed by
the preference-based axiomatic foundations we provide, showing that it is
essentially characterised by a novel Pareto axiom. It preserves consensus,
but a more refined notion of consensus than involved in standard Pareto,
which leads to problems with spurious unanimity (Mongin, 1995).

Our main contributions show how this single aggregation rule can over-
come all the previous challenges, in the context of existing approaches to
decision under uncertainty. On the aggregation front, popular probability
aggregation rules can be reproduced as special cases of confidence aggrega-
tion, corresponding to particular assumptions on confidence in individuals’
beliefs. By identifying the point of divergence with classic pooling rules,
this analysis sets the stage for the integration of within-person cross-issue
expertise diversity. If an individual has more expertise on one issue than an-
other, that justifies more confidence ceteris paribus in her beliefs concerning
the former issue. Drawing on this insight, we explore the consequences of
confidence aggregation when applied in cases involving different degrees of
confidence—reflecting differing expertise—across different issues. It yields
aggregate judgements that more strongly respect an individual’s judgement
on the issues on which she has more expertise, as compared to those on
which she has less. The approach thus resolves the expertise challenge;
moreover, since it does not respect spurious unanimities resulting from ig-
noring expertise differences, it tackles the other aggregation challenge too.

As an application, we use confidence aggregation to generate a new fam-
ily of probability aggregation rules that can accommodate within-person ex-
pertise diversity. To our knowledge, these expertise-sensitive pooling rules

are the first of their sort in the literature.
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On the decision front, known preference axioms connect the confidence
aggregation rule to an existing decision approach incorporating confidence
in beliefs (Hill, 2013, 2019b), which generalises variational preferences (Mac-
cheroni et al., 2006) that include in turn the main model misspecification
approaches. This provides a general model of aggregation-for-subsequent-
decision on the basis of multiple individual inputs. It encompasses all the
aforementioned approaches—from linear pooling and Bayesian Model Av-
eraging to model misspecification—situating them along three dimensions.
Two of these dimensions—reflecting assumptions about confidence in in-
dividual judgements and the only parameter in our aggregation rule—are
concerned with the aggregation step; the last—reflecting the importance
of the decision, and hence confidence required to take it—concerns deci-
sion. As such, our rule situates the divergences and communalities among
various existing approaches, as well as suggesting new ones. For instance,
combining the techniques used to develop the new expertise-sensitive pool-
ing rule with the settings yielding model misspecification representations,
we provide novel model misspecification expertise-sensitive decision rules.

Finally, we briefly consider the issue of dynamic rationality, which is typ-
ically invoked to justify geometric pooling of probability measures (Genest
and Zidek, 1986; Dietrich, 2021). Drawing on the only existing account
of rational update for confidence in belief (Hill, 2022), we show that con-
fidence aggregation fully satisfies dynamically rationality with respect to
this update, in the standard sense: the two commute.

The paper is organised as follows. Sections 2 and 3 focus entirely on
aggregation: the former sets out the framework and the aggregation rule,
whereas the latter shows how it overcomes the aggregation challenges and
generates a new family of expertise-sensitive probability aggregation rules.
Preferences are introduced in Section 4: it contains a preference-based char-
acterisation of confidence aggregation, while Section 5 expands it to a model
encompassing Bayesian as well as model misspecification approaches, and
develops a taxonomy of them. Section 6 considers the dynamic rationality
of confidence aggregation, and Section 7 discusses remaining related litera-

ture. Proofs and supplementary material are contained in the Appendices.
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2 Confidence aggregation

The general aggregation-for-subsequent-decision problem involves: a set [
of individuals, each of which provides input in a specified format; a repre-
sentative who aggregates this input taking into account her evaluations of
the individuals’ expertise; a decision maker who relies on the representa-
tive’s aggregate judgements to take the subsequent decision(s).

The representative and decision maker will ultimately be modelled by
preferences (Sections 4 and 5). By contrast, we make no assumption on
the format of individuals’ inputs. For instance, they could come in the
form of probability measures, as in probability aggregation or model mis-
specification approaches (Genest and Zidek, 1986; Cerreia—Vioglio et al.,
2025). Alternatively, they could be preferences, as in the literature on
preference aggregation. As such, all of the development here can support
several interpretations, some of which will be highlighted presently.

This section and the subsequent one will focus on the aggregation stage
of the aggregation-for-subsequent-decision problem, i.e. that involving the
individuals and the representative. This section sets out the heart of our
approach: a confidence aggregation rule that takes a representation of confi-
dence in belief for each individual as input, and provides a single confidence
in belief representation as output. Section 3 illustrates how it can apply to

the general problem (involving alternative input formats).

2.1 Preliminaries

Setup Let Q) be a non-empty set of states with a o-algebra ¥ of subsets,
called events. Partitions are sets of mutually disjoint events whose union
is Q . For any partition P (including Q itself), A(P) denotes the set of
probability measures over P; henceforth, we let A = A(Q).! For any pe A
and partition P;, p|p, € A(P;) denotes the projection of p into A(P;).

O < R is an ordered set of confidence levels, endowed with the (strict)
order > inherited from R. > is the corresponding weak order. No general
assumptions will be made about the cardinality of O in this paper: we only

assume that, if O is not finite, then it is a closed left-bounded interval in

!Throughout, we take the weak* topology on A and A(P).
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R, with the associated topology.? We shall use vector notation to denote
tuples of confidence levels, i.e. elements of O™ such as o = (0y,...,0,).
With slight abuse of notation, we use > to denote the dominance relation

on such tuples: o > o if and only if 0; = o} for alli =1,... n.

Beliefs and confidence We work with a general model of confidence
in beliefs that, as explained below, underlies many recent models of de-
cision under ambiguity (Hill, 2019b). The belief state of an agent, in-
corporating confidence, is represented by a confidence ranking: a function
c: O — 22\ that is increasing in the containment order on sets and is
upper semicontinuous.® For each confidence level o, c¢(0) is the set of priors
representing the beliefs the agent holds with confidence of at least o. Iden-
tifying a probability judgement—such as ‘the probability of A is greater
than x’—with the set of probability measures where it holds, a judgement
J < A is held with confidence of at least o if it contains the corresponding
set in the agent’s confidence ranking, i.e. J 2 ¢(0). For any o € O and
increasing, upper semicontinuous function ¢ : {0’ € O : o’ > o} — 2%\,
the natural extension of ¢, denoted ¢, is the confidence ranking defined by
¢(0') = ¢(d') for o = o0 and ¢(0') = c(0) otherwise. II denotes the set of
confidence rankings.

The centre of confidence ranking c is its smallest element, i.e. min,co c(0).
A confidence ranking c is pointed if its centre is a singleton. Pointed con-
fidence rankings represent Bayesians with confidence: agents who assign
a precise probability to every event (namely, that given by the centre),
though may have more confidence in some judgements than others (as rep-
resented by the rest of the confidence ranking). A confidence ranking c
is convez (respectively, closed) if, for every o € O, c(0) is a convex (resp.
closed) set. For a confidence ranking c, its convex closure '™ is defined
in the natural way: for all 0 € O, ™ (0) = clconv(c(0)), where clconv(X)
for a set X < A is the closure of the convex hull of X.

As an alternative, equivalent representation, each confidence ranking

generates a unique implausibility function ¢ : A — O U & defined by

2Tt follows that > is continuous: its upper and lower contour sets are closed.
3Le. for all 0 > o, c¢(0) 2 ¢(0’) and for any decreasing sequence o; € O with o; — o,

(0) = M cloy):
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t(p) =min{o € O : p € c(o)} whenever the set is non-empty, and ¢(p) = &
otherwise. This yields the ‘implausibility’ of each probability measure, in
terms of the smallest confidence level such that the probability measure

doesn’t contradict a judgement held with that much confidence.

Related models and distance-based confidence The representation
of confidence in beliefs used here includes that in Hill (2013, 2019b) under
the calibration developed in Hill (2019a) (see Section 7). Given its equiv-
alence to real-valued implausibility functions on the probability space, it
also underlies prominent models of decision under uncertainty which in-
volve such functions in their preference representation. Examples include
smooth, variational, multiplier and confidence preferences (Klibanoff et al.,
2005; Maccheroni et al., 2006; Hansen and Sargent, 2001; Chateauneuf and
Faro, 2009), some of which interpret such functions in terms of confidence.
Moreover, this alternative implausibility-function representation implies
that confidence rankings can be generated from single probability measures
and (statistical) distances. A statistical distance p on A(P) is a function
p : A(P)? — [0,00] such that: p(p,q) = 0 if and only if p = ¢; and
p(e,q) is a lower semicontinuous function, for all ¢ € A(P). A distance p
is convez if, for every g € A(P), the function p(e, q) is strictly convex.” A
(convex) classical statistical distance d is the specification, for each partition
P (including 2 itself), of a (convex) statistical distance on A(P). With
slight abuse of notation, we use d to refer to the distance for each A(P).
The confidence ranking with centre at probability p € A and generated

by distance p on A and weight w € R is defined as follows.

Definition 1. Let p € A be a probability measure, p a statistical distance
on A and w € R.g. The w confidence ranking generated by p under p—or
simply the w p-confidence ranking generated by p—is defined by c(o) =
{ge A :wp(q,p) <o} forall o€ O.

This is clearly the confidence ranking associated with implausibility func-

tion «(q) = wp(q,p). Table 2 lists some well-known classical statistical

4Note that ¢ can be defined from v: ¢(0) = {p € A : 1(p) < o}. It follows immediately
that the implausibility function ¢ is lower semicontinuous if ¢ is closed.
5That is, for all p,r € A with p # 7 and a € (0,1), p(ap + (1 — a)r,q) < ap(p,q) +

(1= a)p(r,q).
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Generating plq,p) = w p-confidence ranking

distance generated by p, c(0) =
Euclidean Dwenla(w) —pw))® {geA: W enla(w) —p(w))* <o}

Relative R(q|p) {ge A:wR(q|p) <o}

entropy

Reverse R(pllq) {g€ A:wR(plq) < o}

relative

entropy

Table 2: Examples of convex classical statistical distances and distance-
generated confidence rankings.
Note: Euclidean distance only well-defined on finite 2. R is the relative entropy, defined

by: R(plg) = — ¥ p(w)(log 43).

distances, and the corresponding generated confidence rankings. Several
popular models of decision under uncertainty use such distance-generated
confidence rankings; for instance, the w relative-entropy-confidence ranking

is involved in multiplier preferences (Hansen and Sargent, 2001).

2.2 Consensus-preserving confidence aggregation

Confidence aggregation rules transform profiles of confidence rankings into
a confidence ranking, where a profile is a tuple (c',...,c") of confidence
rankings. In this section, we refer to the confidence rankings in the profiles
as those of the individuals, and the resulting one as that of the group’s
representative; alternative interpretations will be discussed in Section 3.
The aggregation rule developed here respects consensus, whilst recog-
nising it to be borne of compromise. To introduce the relevant notion of
consensus, note that each tuple o = (01, ...,0,) of confidence levels gener-
ates a tuple of sets of priors (c!(0;),...,c"(0,)), reflecting the beliefs held
by each individual at the confidence level specified for him. If the intersec-
tion of these sets is empty, [); ¢'(0;) = &, these beliefs are in contradiction.
By contrast, if (), ¢'(0;) # &, they are not: there is a consistent overall
consensus position, characterised by (), ¢'(0;), which incorporates the be-
liefs of each individual at the assigned confidence level. In this consensus,

each individual 7 only puts beliefs held with confidence o; or more ‘on the
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Aggregator Definition

Affine aggregator ®o = > Nio; + x for \j e Rog, x ER.
Average aggregator ®o = Z?:l %Oi + x for x e R.

Maximum aggregator ®o = max{o;}

Minimum aggregator ®o = min{o;}

Table 3: Examples of confidence-level aggregators.

table’, ‘setting aside’ lower-confidence beliefs. All the former beliefs are re-
tained in the consensus,® while the individuals compromise by leaving the
latter ones off the table. To that extent, the compromises involved in such
a consensus are regulated by the confidence levels determining the beliefs
each individual contributes.

There may thus be several such consensuses, involving different
compromises—i.e. different tuples of confidence levels. To translate them
into levels of confidence deemed relevant for the group, we use a confidence-
level aggregator: an operator ® : O™ — O that is monotonic in each ar-
gument, i.e. such that for every pair of profiles of confidence levels with
0 > 0, ® > ®o'. For a consensus obtained with individual confidence
levels o, the confidence-level aggregator picks out the group confidence war-
ranted in the associated consensus judgements. Monotonicity means that
the higher the individual confidence levels o behind the consensus, the
higher the corresponding confidence level for the group’s representative.
This reflects the fact that higher individual confidence levels translate into
more robust consensus, albeit one involving more compromise.

In our preference-based characterisation (Section 4), the relevant
confidence-level aggregator will be endogenous; for illustration, Table 3
provides some examples.

Each confidence-level aggregator generates a confidence aggregation

rule—i.e. a function from profiles of confidence rankings to confidence

SFor a probability judgement 7, if some individual 7 holds it at this level of confidence
(ie. ¢'(0;) € J), then it holds in the consensus ([, ¢*(0;) € J).

10
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rankings—as defined below. Since, in our preference-based characterisation
(Section 4), we follow the economic literature and work in a single-profile
setup, we also provide the associated definition of consensus-preserving con-

fidence aggregation for a fixed confidence ranking ¢"®? and profile (¢!, ..., c").

Definition 2. Let ® : O™ — O be a confidence-level aggregator. The
consensus-preserving confidence aggregation rule Fg : II" — II is such
that, for every profile (¢, ..., ") € ", Fg(ct, ..., ") = ®g(ct, ..., "),
where, for every o € O such that | J,.g0<, N, () # &

Og(c",. .., ")) = | mc’i(oi). (1)

For a fixed confidence ranking ¢"*? € II and profile of confidence rankings

(cl, o) e I P is a consensus-preserving confidence aggregation of
(c,...,c") if there exists a confidence-level aggregator ® such that ¢"® =
Fg(ct,...,c"). In this case, we say that ¢"? is a consensus-preserving
confidence aggregation of (c!,..., c") under ®.

Under consensus-preserving confidence aggregation—or confidence ag-
gregation for short—the aggregate judgements held with confidence level o
are formed by looking at the consensuses considered to warrant confidence
level o or less according to ®.” More specifically, the group’s represen-
tative holds a probability judgement with confidence o if that judgement
holds for all such consensuses: this is guaranteed by the union in Eq. (1).
Judgements that hold unanimously across the appropriate consensuses are
thus preserved. It follows that no judgement held by the representative at
confidence level o contradicts the judgements of the corresponding consen-
suses, though if two consensuses contradict each other on an issue, neither’s
judgement will be retained by the representative at that confidence level.

Note that this aggregation rule implies that the representative’s and
individuals’ confidence in a judgement co-vary: because of the monotonicity
of ®, the former’s confidence in a judgement is higher when the individual

beliefs feeding into the relevant consensuses are held with more confidence.

"The use of consensuses corresponding to confidence levels less than or equal to o in
Eq. (1) ensures that the image of Fg is a well-defined confidence ranking, no matter the
®. As discussed in Appendix B, ‘less than or equal to’ can be replaced by ‘equal to’ for
all ® in Table 3.

11
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. conf. aggregation .
Tuple of conf. rankings c > Conf. ranking c

generate centre

derived pbty aggregation

Tuple of probabilities p Probability p

Figure 1: Using confidence aggregation to generate probability aggregation
rules

[lustrative applications of confidence aggregation will be provided in
the next Section. For reference, note that, as shown in Proposition D.1
(Appendix D.1), this aggregation rule can be formulated in terms of im-
plausibility functions: ¢"P is a consensus-preserving confidence aggregation

of (¢*,...,c") under ® if and only if, for all pe A

tp), .. if Vi /'(p) € O
op(p) = (. (p) (p)) if Vi i'(p) @)

(%) otherwise.

3 Confidence, probability aggregation and ex-

pertise diversity

Input into aggregation-for-subsequent-decision problems often does not come
in the form of confidence rankings: a more common format is as probabil-
ity measures. In this section, we consider how confidence aggregation can
deal with the challenges for existing approaches to aggregating probabili-
ties. We first show that standard pooling rules can be recovered as special
cases of confidence aggregation. Analysing the underlying assumptions will
naturally reveal how it can resolve both of the challenges mentioned in the
Introduction. The discussion also contains several examples illustrating
confidence aggregation, and culminates in a new probability aggregation

rule integrating within-person cross-issue expertise diversity.

12
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3.1 Recovering probability aggregation from confidence
aggregation

Probability aggregation takes as input a profile of probability measures
p = (p1,-..,pn) € A™. To connect pooling rules operating on such profiles
with confidence aggregation, recall that, once a (statistical) distance and
weight are specified, each probability measure generates a unique pointed
confidence ranking (Definition 1, Section 2.1). This provides the following
possibility for using consensus-preserving confidence aggregation (Section
2.2) to aggregate probability measures. Given a profile of probability mea-
sures, take a profile of confidence rankings generated by them under a
given distance. Picking a confidence-level aggregator, confidence aggre-
gation can be applied on them, to produce a confidence ranking, call it c.
This naturally identifies the ‘best-guess’ set of probability measures, namely
minyeo c¢(0). If this is a singleton (i.e. ¢ is pointed), then the procedure
yields a unique probability measure, as required by probability aggregation
rules. This schema is summarised in Figure 1.

The following result compares this probability aggregation method to

standard pooling rules.

Proposition 1. Let p = (p1,...,p,) € A" be a profile of probability mea-
sures, and (wl, ..., w™) an n-tuple of weights, with w® = 0 for all i, with

strict inequality for some 1. For each row in Table 4, the following holds:

(*) Let ¢ be the consensus-preserving confidence aggregation under the
average confidence-level aggregator of w' p-confidence rankings gen-
erated by p;, where p is the distance given in the first column of Table
4. Then its centre is a singleton containing the pool of the p; un-
der the rule specified in the second column of the Table, with weights
Zn:’ﬁ In other words, the centre contains the probability measure

satisfying the equation in the third column of the Table.

Hence the two most prominent pooling rules in the literature (Genest
and Zidek, 1986; Mongin, 1995; Dietrich, 2021) correspond to special cases
of confidence aggregation. Figure 2b provides a graphical illustration of
this result on the example from the Introduction, which will be further

analysed below (Example 3.1). Central to it is the use of specific classical

13
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Generating distance p Pooling rule Centre p satisfies
Euclidean Linear pooling p=>, Z"Q_Uﬁpz
Relative entropy (Geometric pOOhIlg p(w)oc HZ D; no w (w>
Reverse relative entropy | Linear pooling p=>, Z"Q_Uﬁpl

Table 4: The pooling rules derived from confidence aggregation applied to
confidence rankings generated under given classical distances (as in Figure
1). To be read in the context of Proposition 1.

distances (Table 2) to generate confidence rankings from individuals’ prob-
ability measures. As is clear from the comparison of the cases in Table 4,
the ‘shape’ of the confidence rankings determines the pooling rule repro-
duced. In this sense, the use of, say, linear pooling, involves an assumption
leading to the use of confidence rankings generated by the Euclidean or
reverse relative entropy distances. And the evaluation of this pooling rule
can thus pass via an appraisal of such assumptions.®

The w? p-confidence rankings in Proposition 1-—and hence the assump-
tions underlying them—support two interpretations, which may be relevant
in different situations. Under one, they reflect the opinions the represen-
tative forms on the basis of each individual’s input, taken separately. For
instance, if the individuals are models providing probability distributions,
each confidence ranking reflects the representative’s opinions about the
quality of that model (and similarly if they are Bayesian experts). Indeed,
the weights in the generated pooling rules, which are often interpreted
in terms of the representative’s assessment of individuals’ expertise (e.g.
McConway, 1981), are generated by the confidence rankings. Under this
representative’s-confidence interpretation, using confidence rankings gener-
ated by a specific distance amounts to assuming that they properly repre-
sent the confidence assessments actually formed by the representative on

the basis of each individual’s input. If they don’t reflect the beliefs she in-

8Given that, as noted in Section 2.1, a distance and a probability measure generate
a confidence ranking, Proposition 1 is technically related to a literature characterising
aggregation rules in terms of distances in probability space (e.g. Abbas, 2009; Kemeny,
1959 initiated a similar approach for preference aggregation). This literature takes the
distances as given, whereas we consider them as purported representations of belief
states—and, as shall be clear below, evaluate them as such.

14
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fers from the provided probabilities and her evaluation of the individuals’
expertise, then this assumption is inappropriate.

Under the other interpretation, the individuals can assess their confi-
dence in their probability judgements, although they have been asked to
provide only probabilities. For instance, they may be experts whose be-
lief states are richer than the probability measures requested. Under this
indiwiduals’-confidence interpretation, consensus-preserving confidence ag-
gregation could be applied on the individuals’ full belief representations;
it is the setup of the probability aggregation problem that artificially re-
stricts the input to probability measures. Compared to this benchmark,
the use of confidence rankings generated by a specific distance involves the
assumption that they properly represent individuals’ actual confidence in
their beliefs. The assumption will be unjustified if individuals’ confidence
is not well reflected by the distance used.

All of the results and points made in this paper will hold under both of
these interpretations (and indeed, under hybrid ones where the stipulated
confidence reflects individuals’ confidence and the representative’s assess-
ment). Nevertheless, to lighten the discussion, we shall often conduct it in
terms of the latter interpretation.

Proposition 1 suggests a strategy for tackling the aggregation challenges
cited in the Introduction. If the weaknesses of traditional pooling rules can
be connected to how the confidence rankings are generated, then applying

confidence aggregation with different generation methods may avoid them.

3.2 Classical statistical distances and expertise

One specificity of the classical-distance-based confidence rankings involved
in Proposition 1 is a certain ‘neutrality’ to the identity of the issues in-
volved. All that counts for the confidence with which a probability judge-
ment is held is the classical distance from the centre to the closest probabil-
ity measure where the judgement doesn’t hold—independently of the issue

concerned by the judgement. We illustrate this on a running example.

Example 3.1. Formalise the example from the Introduction with a state
space Q) = {wpgr,wr,wr,wn} where wyr (respectively wy, wg, wy) is the

state in which there is a limited effect on both the labour and real es-

15



Brian Hill Confidence, consensus and aggregation
p(R) p(R) Confidence
0.9 \High Conf. 0.9 High Conf.
p(L) >
0.9 —¢
p( R) < ~Low Conf. ~Low Conf.
>
01-c ] O o
0t 09 p(r) p(L)

(a) Illustration of ‘issue-neutrality’.
Note: The blue area represents the proba-
bility judgement, L., that p(L) is within e
of Laura’s best-guess probability p*(L) =
0.9; the red area represents the judgement,
R., that p(R) is within € of p%(R) = 0.1.
The confidence in these judgements (cor-
responding to the largest circular set con-
tained in each area; Section 2.1) is the
same.

(b) Hlustration of Proposition 1.

Note: The red point is the centre of the
result of confidence aggregation applied to
the two confidence rankings (Proposition
1). Each point on the dotted line is ob-
tained by linear pooling (with some choice
of weights). This graph displays the case of
w’ = w?; other cases produce centres ly-
ing on the dotted line (i.e. coinciding with

some linear pool).

Figure 2: Confidence rankings generated as in Proposition 1.

Note: Each graph shows the space of pairs of probability values (p(L),p(R)) for the
Labour and Real Estate events (L and R; Example 3.1). The areas (sets of probabil-
ity values) enclosed by the green circles represent the w’ Euclidean confidence ranking
generated by Laura’s probability p” (Definition 1): they are the projection of the con-
fidence ranking into this space. Larger, lighter circles correspond to higher confidence

levels. The purple circles represent the w? Euclidean confidence ranking generated by

= wL.

pf' (Ray’s probabilities), with w’
tate sectors (resp. only the labour market, only the real estate sector,
neither). So the event that there is a limited effect on the labour mar-
ket is L = {wpgr,wr}; the corresponding event for real estate is R =
{wrr,wgr}. Laura’s probability judgements (Table 1) define the measure
p* with p*(wrr) = 0.09, p*(wr) = 0.81, p*(wgr) = 0.01,p"(wy) = 0.09.
Hence, for any € € [0,0.9], she holds both the judgement, L., that the
probability of L is greater than 0.9 — ¢, and the judgement, R., that the
probability of R is less than 0.1 + €. Note that these judgements involve
moving the same amount away from her best-guess probability for L (0.9)

and R (0.1) respectively. Which of them is she more confident in?

Me. Le={peA:p(L)>09—¢} and R. = {pe A:p(R) <0.1 + ¢}
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Proposition D.3 (Appendix D.2) shows that, if her confidence ranking
coincides with that resulting from either of the two generating procedures
yielding linear pooling (Table 4), the confidence in the two judgements is
the same, for all e. Figure 2a illustrates the intuition: given the ‘circular’
shape of the sets of priors in the confidence ranking, the highest confidence
levels at which the judgements hold are the same. Hence the confidence
assigned to a judgement that ‘deviates’ from the best-guess probability
by a certain amount depends, in this example, only on the extent of the
deviation, but not on the issue concerned by the judgement—Ilabour or real

estate.

The confidence rankings generating standard pooling rules thus repre-
sent individuals as having or warranting the same confidence in the proba-
bility judgements encoded in their probability measure, no matter the issues
that these judgements concern. As such, they cannot properly capture an
individual with different confidence in judgements pertaining to different
issues. The previous example is arguably such a case. Recall that Laura
has more expertise on one issue (labour) than another (real estate). But
an expertise difference typically translates into a difference in confidence:
ceteris paribus she will have more confidence in her judgements concern-
ing her issue of expertise than in those that do not. In other words, the
confidence rankings involved in Proposition 1, based on classical statistical
distances on the probability space, assume that there is no within-person
cross-issue difference in expertise.

This observation brings a new perspective on the problem that linear
pooling and other standard pooling rules have with within-person exper-
tise diversity. The source of the problem isn’t so much the underlying rule
in our reconstruction—confidence aggregation—but the use of confidence-
ranking-generating procedures which de facto assume away within-person
cross-issue expertise differences. It thus suggests that confidence aggre-
gation applied to confidence rankings that do correctly capture expertise
differences could incorporate more faithfully such differences into group be-
liefs. We now confirm this suggestion, and show how it can produce new

expertise-sensitive probability aggregation rules.
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3.3 Representing expertise using confidence rankings

For the presentation, we focus on issues that can be related to events in €2;
see Appendix A.2 for a generalisation. Consider a sequence Py,...P,, of
partitions of €2; each partition could be thought of as an issue. For instance,
a partition could just be an event E and its complement: the issue is
whether the event holds. Another partition could have cells corresponding
to the event that a parameter takes a given value: the issue is the value
of the parameter. We say that a sequence of partitions Py, ... P, is rich
if, for any (p1,...,pm) € HT:I A(P;), there exists at most one p € A with
plp; = pj for all j = 1,...,m. When the sequence of partitions is rich,
then each tuple of probability measures, one on each partition, determines

at most one probability measure over the whole space.

Example 3.2. In the example from the Introduction, with the state space
and events defined in Example 3.1, each of the three issues in Table 1
corresponds to a two-element partition: Py, = {L, L} (whether there will
be an effect on the labour market), Pr = {R, R} (concerning real estate),
Pp = {B, B°}, where B = {wrr} = L n R (whether there will be an effect
on both). Clearly every specification of a probability on each of these
partitions determines at most one probability on €2, so this sequence of

partitions is rich.
Now consider the following family of pointed confidence rankings.

Definition 3. Let Py,...P,, be partitions of {2 and d be a classical sta-
tistical distance. For any probability measure p € A, and any vector
w = (wy, ..., wy,) of positive real-valued weights, the w d-confidence rank-

ing generated by p is defined as: for each o € O,

c(0) = {q €A iwjd(qypj’pypj) S 0} (3)

j=1

For such confidence rankings, at each confidence level, the correspond-
ing set of priors are those for which the weighted sum of the distances from
the centre probability, taken over all the partitions (or issues), is less than a

certain value. These belong to the family of distance-generated confidence
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rankings in Definition 1, with implausibility function determined by:

uq) = D wid(alp,, plp,) (4)

j=1

Apart from the special case involving a single partition P = €, such ¢ are
not (multiples of) classical statistical distances (Section 2.1).°

The issue-specific weights in w d-confidence rankings can capture rela-
tive expertise across issues, with higher weights on a given issue translating
more confidence in judgements concerning it. This can be seen on a con-

tinuation of the running example.

Example 3.3. Consider p” as in Example 3.1, and consider the confidence
ranking generated by it with Euclidean distance and vector of weights wl =

L ,,.L , L .
(wL7 WRg, wB)? namelY'

o) =3qeA: > 2wi(q(j)—p"(j)’ <o (5)

j={L,R,B}

The weights reflect the relative confidence in judgements about L, R and
B. Larger weights involve a higher ‘penalty’ for deviating too much on the
issue in question, as compared to other issues, so ceteris paribus, there is
more confidence in judgements concerning issues with higher weights, under

this confidence ranking. This is borne out by the following proposition.

Proposition 2. Suppose, in (5), that wt > wk and 0.8wh < wk — wk.

Then, for every e € [0,0.9], there exists o € O with c*(0) < L, but c*(0) &
R. (where L, R are as defined in Example 3.1).

Whenever wk is not too large, if w¥ > wk, then any judgement £, that

the probability of L is higher than a deviation e below its best-guess prob-
ability 0.9 is held with more confidence than a judgement about R that
involves the same divergence e from its best-guess probability 0.1 (R.).
Figure 3a illustrates the intuition: when w¥ > wk, the sets in the confi-
dence ranking have an ‘elliptical’ shape which is thinner along the L di-

mension, hence translating higher confidence in judgements on this issue.

10Tn particular, they do not automatically provide a distance on any space except 2.
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p(R)
/ “~High Conf. p(R) e i

0.9 High Conf.
p(L) > 09 Confidence
09 —¢ f aggregation

(centre)

p(R) < )
0l—ec | — Low Conf. linear pool Low Conf

0.1 . 0.1

0.1 0.9 p(L) 0.1 0.9 p(L)

(a) Illustration of Proposition 2.

Note: As in Figure 2a, the blue area rep-
resents the probability judgement, L., that
p(L) is within € of Laura’s best-guess prob-
ability p”(L) = 0.9; the red area represents
the judgement, R, that p(R) is within €
of pL'(R) = 0.1. The confidence in these
judgements corresponds to the largest el-
liptical set contained in each area (Section

(b) Tlustration of expertise-sensitive
aggregation (Example 3.4).

Note: The red point is the centre of the
result of confidence aggregation applied to
the two confidence rankings, which coin-
cides with expertise-sensitive pooling (Defi-
nition 4). The aggregate probability of L is
closer to Laura’s judgement (p“(L) = 0.9),
and similarly for R. The dotted line is

the set of points obtained by linear pool-
ing (with different weights).

2.1): it is higher for the judgement concern-
ing L.

Figure 3: Confidence rankings generated as in Eq. (5).

Note: Each graph shows the space of pairs of probability values (p(L),p(R)) for the
Labour and Real Estate events (L and R; Example 3.1). The areas (sets of probability
values) enclosed by the green ellipses represent the projection into this space of the

wl Euclidean-confidence ranking generated by p“—i.e. Eq. (5)—with w&

> wk and
wk low, representing Laura’s confidence in beliefs. Larger, lighter ellipses correspond
to higher confidence levels. The purple ellipses represent the w® Euclidean-confidence

ranking generated by p’t (representing Ray), with wl < wg and wk low.

So wk > wk reflects higher confidence ceteris paribus in judgements about
the labour market as compared to the real estate sector, and would be
a natural assumption for Laura’s confidence ranking, given her expertise.
The clause concerning wk is related to the constraints that a given value
of p(B) places on the possible values of p(L) and p(R), as will be discussed
below.

L L

If a confidence ranking of the form (5) with wy > wy is a natural

representation for Laura, the corresponding confidence ranking for Ray is

centred on p® as specified in Table 1, with weights w® = (wf wk, wk)

Hle. p® such that pf(wrr) = 0.09, p®(wy) = 0.01, pP(wgr) = 0.81, pf(wx) = 0.09.
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where wk > w! translating his relative expertise in real estate.

3.4 Confidence aggregation with within-person exper-

tise diversity

Armed with confidence rankings reflecting cross-issue differences in exper-
tise, we now consider aggregation of such rankings. The following Propo-
sition characterises the centre of the confidence ranking obtained by confi-

dence aggregation with an average confidence-level aggregator.

Proposition 3. Consider a profile of confidence rankings of the form (3),
with classical distance d, centre p* and vector of positive real-valued weights
wi for each i = 1,...,n. Then the centre of the consensus-preserving

confidence aggregation under the average confidence-level aggregator is:

arg mlnz Z w;d(p|7337p2|733) (6)

pEA 954

As we now show on the running example, this aggregation naturally

incorporates within-person cross-issue expertise diversity.

Example 3.4. Consider, for Laura and Ray, the confidence rankings de-
fined in Example 3.3 with wf > wk and wf < wf. As discussed above,
these rankings faithfully reflect Laura’s higher expertise on the labour is-
sue as compared to the real estate one, and similarly for Ray. Moreover,
the example stipulates that Laura has more expertise in the labour market
than Ray; in the light of the analysis of confidence rankings of form in Eq.
(5), this suggests that wf > w#. Similarly, given RLay’sRhigher specialisa-
+w
L

tion in the real estate sector, w® > wk. Note that ZBWE reflects the ratio
L L

of the overall confidence in the probability judgements on B (across both

agents) to the overall confidence in judgements concerning L, and similarly
wg+w§

for —2—£.
wpt+wp
The following Proposition illustrates some properties of confidence ag-

gregation with such confidence rankings.

Proposition 4. Suppose that c* is specified as in Eq. (5) and similarly
for ¢, and that wt > w and wh > wk. Then the centre in (6) contains

a single probability measure, which we denote p"P. Moreover:
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R L L R L R
. + +
i I w—% = =& and %, % < 1 then p“(L) —pP(L) < p"(L) —

pR(L) and pR(R) = pr»(R) < pr?(R) — p*(R);

.. wL+wR wL-‘rwR
1. As -2 §—>Oandwlf 7 —0:

w w
TeP(1)) —» L L L R L
P (L) w%wfp() w%wgp()
U)L UJR
P (R) — R L R R R
p ( ) w}Lg‘ng ( ) w§+w§p< )
. 0.09 if p(L) + prP(R) — 1 < 0.09
p"*(B) —

p’P(L) +p"P(R) — 1 otherwise

Recall from the Introduction that, under linear pooling, if the aggregate
probability is closer to Laura’s judgement than Ray’s on one of the issues,
then the same holds for the other issue. Proposition 4 shows that this is
typically not true under confidence rankings reflecting expertise. Part i.
focuses on the case of symmetric expertise—Ray’s expertise shortfall as
compared to Laura on labour (%) is the same as her expertise shortfall
compared to him on real estate. When the overall confidence in the judge-
ments about the issues L and R outweigh the confidence in the judgement
concerning the joint issue B, then the resulting probability is closer to that
of the individual with more expertise—both for labour and for real estate.
Given that, in the examples, Laura’s expertise concerns L but not specifi-
cally R or B = L n R, and similarly for Ray, it seems reasonable that the
overall confidence will be higher for the issues L and R than for B.'?

Indeed, in the examples, the overall confidence in the individual issues
appears to much higher than in the joint issue. Part ii. considers the limit
as this confidence gap increases. It shows that the centre probability for L,
p"P(L), tends to the weighted average of Laura’s and Ray’s judgements on
L, where the weights are those in the generation of the confidence rankings
that correspond to the issue L. Since Laura has more expertise than Ray
on the labour market, w¥ > w2, so the probability for L will be closer to

Laura’s; and similarly for p"®?(R) and Ray’s judgement on real estate. So

12This result is provided as a simple illustration. Stronger but more complicated
versions are derivable from the calculations reported in Appendix A.
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again, this part of the result illustrates a typical situation (with potential
asymmetric expertise) where, under confidence aggregation, the resulting
probability is closer to that of relevant expert, on both issues.

Figure 3b provides a visual illustration: the centre under confidence
aggregation belongs to sets with confidence levels that are not too high
on either ranking, and this picks out probability measures that are close
to both Laura’s probability on L and Ray’s on R. Confidence aggregation
applied to these confidence rankings, which reflect within-person cross-issue
expertise differences, thus follows each individual more closely on their area
of expertise. As such, it fairs better on this score than linear (or geometric)
pooling.

Given that the centres of the confidence rankings generated as in (5)
are probability measures assigning probability 0.09 to B, the centre of
the resulting ranking will stick as close to this value as possible. If the
weights yield issue-wide weighted averages which are consistent with the
probability 0.09 for B, then this is the value of p"?(B). If not, as will
typically be the case, then p"?(B) takes the value closest to 0.09 that
satisfies the constraints, i.e. p™(L) + p"?(R) — 1. Since this is typically
not 0.09,' this example also demonstrates that the confidence aggregation

rule does not respect spurious unanimities (Section 1).4

This example illustrates a simple way in which the confidence approach
can capture within-person expertise diversity, showing that confidence ag-
gregation faithfully reflects these expertise differences in the resulting be-
liefs. As such, it resolves the within-person cross-issue expertise diversity
challenge. Moreover, it ignores agreements in the individuals’ judgements
about B when there is little comparative confidence in them—that is, when
they are indeed spurious. So the aggregation procedure also tackles the
spurious unanimity challenge.

The preceding discussion suggests that confidence aggregation, applied
on individuals’ actual confidence rankings reflecting their acknowledged

differences in expertise across issues, will result in aggregate beliefs that

13E.g. when wf = wl = 0.75 and wk = wk = 0.25, p"P(B) = 0.4.

14Note that while this example involves ‘primitive’ views on the joint issue B, an alter-
native would be to work with opinions on the relationship between L and R. Appendix
A.2 shows how the approach set out above extends naturally to such cases.
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incorporate within-person cross-issue expertise differences. As argued in
Section 3.3, confidence rankings of the sort in Definition 3 are often a
closer representation of individuals’ beliefs than those underlying standard
pooling rules; Propositions 3 and 4 show that, applied to these rankings,
confidence aggregation respects expertise differences across issues.
Within-person cross-issue expertise diversity remains relevant under the
alternative interpretation of confidence rankings as reflecting the represen-
tative’s confidence in individuals’ judgements (Section 3.1). In the example,
the representative is justified in being more confident in Laura’s judgement
about labour than Ray’s—and inversely for real estate. It is thus more
reasonable to use the expertise-sensitive generation of confidence rankings
(Definition 3) rather than classical distance-based ones (Proposition 1) to

aggregate probabilities. As we now show, this generates a new pooling rule.

3.5 Expertise-sensitive pooling

Confidence aggregation using confidence rankings generated by classical
distances recoups standard pooling rules (Proposition 1; Figure 1); we now
consider what we obtain when applying it with w' d-confidence rankings.
To this end, consider the correspondence yielding the centre in the result

of confidence aggregation applied to w' d-confidence rankings.

Definition 4. Let Py,..., P, be a set of partitions, and d a classical

distance. The correspondence Fi 5+ A" =3 A is defined by

F7gl17~--773m <p1’ ce ’pn) = arg mlnz Z w;d(p|73]7pl|73]) (7)
PEA iTij=1
where w! = (wi, ... w! ) is a tuple of vectors of positive real-valued weights,

one for each individual.

As yet, th__vpm is not a well-defined probability aggregation rule. In
particular, since the optimisation problem may have multiple solutions,
Ff  p may yield a set of probability measures rather than a unique one.
However, under some natural conditions, Fg 5 is a well-defined (i.e.

single-valued) probability aggregation rule.
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Proposition 5. Let Py,..., P, be a rich set of partitions, and d a convex

distance. Then Fgl,...,Pm is a well-defined pooling rule, i.e. a function from
A" to A.

Confidence aggregation thus generates a new pooling rule, which we call
expertise-sensitive pooling. Since this is basically the rule used in Example
3.4, all the conclusions there—including the capacity to naturally respect
within-person expertise diversity—apply equally for this pooling rule. In-
deed, as discussed in Section 7, the limit expressions concerning L and R in
Proposition 4 are reminiscent of early suggestions in the pooling literature;
unlike them, however, expertise-sensitive pooling is well-defined.

As an illustration of the technical simplicity of the confidence ap-
proach, it is worth setting out the intuition behind Proposition 5.
It relies on the observation that the optimisation problem defining
Fgl,...,Pm can typically be reduced to a recognisable, tractable form.
More specifically, for a sequence of partitions Pi,... P, let Pp, p, =
{lp., - plp.) €T T, A(Py) : pe A}, ie. the set of sequences of prob-
ability measures on the partitions, each of which is derived from some
probability measure on 2. Note that, since projection is a linear map,
Pp, . p, is a convex set. In fact, it is typically defined by a collection of in-
equalities: for instance, in the case of our running example (Example 3.2),
the set is defined by a system of three linear inequalities (see Appendix A.1
for details). The centre of the aggregate confidence ranking (7) can thus

be equivalently characterised as the set of probability measures p such that

(plp,,---,p|p,) belongs to:

wgmin 33 wldpy. i) ®)

(P1y-sPm)EPP, .. P i=1 j=1

For many settings of the parameters, problems of this sort are well-known:
for instance, for the w Euclidean-confidence rankings in Example 3.3, this
is a quadratic optimisation problem over a convex set (Appendix A.1). In
general, whenever d is convex, (8) is a minimisation of a strictly convex
lower semicontinuous function on a convex set, so there is a unique min-
imum. So whenever Py, ..., P, is rich, (8) defines a unique probability

measure in A, hence establishing the Proposition.
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4 Characterising Confidence Aggregation

In this section we provide a preference-based axiomatisation of consensus-
preserving confidence aggregation (Definition 2) in a single-profile variable-
population setting. In terms of the general aggregation-for-subsequent-
decision outlined at the beginning of Section 2, here we shall thus be con-
cerned with the relationship between the representative’s preferences and
the individuals’ input. We begin by setting out the decision framework and

preference representation.

4.1 Representative’s preferences and consensus

Preliminaries Let X, the set of consequences, be a convex subset of a
vector space; for instance it could be the set of lotteries over a set of prizes,
as in the version of the Anscombe and Aumann (1963) setup provided by
Fishburn (1970). A is the set of acts: simple measurable functions from
states ) to consequences X. Mixtures of acts are defined pointwise as
standard: for any f,g € A and « € [0, 1], the a-mixture of f and g, which
we denote with f,g, is defined by f.g(w) = af(w) + (1 — a)g(w) for all
w € Q. We denote by A° the set of a constant acts, i.e. acts yielding the
same consequence in all states.

We use > (perhaps with superscripts) to denote a strict preference
relation on A. > is the derived weak preference, defined as f > ¢ if and
only if ¢ + f. Preferences > contradict >’ if there exists f,g € A with
f > gand f < g. A preference relation > is contradictory if there exists
fyge Awith f > gand f < g. As standard, a functional V' : A — R is said
to represent > if, for all acts f,g € A, f > g if and only if V(f) > V(g).

Decision models It is well known that ambiguity-sensitive, complete
preferences can be connected to underlying incomplete preferences (Ghi-
rardato et al., 2004; Gilboa et al., 2010). The bridge between the two
concerns ambiguity attitudes—a taste factor, which, in the context of the
aggregation-for-subsequent-decision problem, typically lies under the com-
petence of the decision or policy maker, not the experts. Hence, whilst
the decision maker’s (weak) preferences are complete, it is natural to use

incomplete preferences to model the representative’s relevant preferences.
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In so doing, we follow Danan et al. (2016) in studying aggregation in the
context of incomplete preferences. As noted in Section 2.1, the represen-
tation of confidence in beliefs used here is compatible with several models
of decision under uncertainty. A general incomplete preference model it
supports (Hill, 2016) is such that for all acts f,g € A, f > g if and only if:

E,u(f) > E,u(g) for all p € c(max{D(f), D(g)}). 9)

where E, is the expectation with respect to a probability measure p € A,'?
u : X — R is a non-constant affine utility function, ¢ is a closed con-
vex confidence ranking and D : A — O is such that D(z) = minO for
all € A° and it satisfies the following richness condition: for every
f,g € AAA® and o € D(A\A), there exists h € A and a € (0,1] such
that max{D(f,h), D(goh)} = 0. The function D, called the cautiousness
coefficient, picks out the confidence level the decision maker considers rel-
evant for evaluating each act, and hence each decision. As shown in Hill
(2013, 2016), it captures the decision maker’s attitudes to choosing on the
basis of limited confidence—a taste factor.

If (9) holds, we say that (¢, D,u) represents >. The representing u is
unique up to positive affine transformation, ¢(O) is unique up to convex

closure, and co D is unique.

General aggregation problem Recall that [ is a finite set of individu-
als. Each individual ¢ provides fixed input Z*. As in single-profile contexts
that are common in the relevant literature (e.g. Mongin, 1995; Danan et al.,
2016), the sequence of inputs (Z%),; will be fixed throughout. However, we
consider variable-population single-profile aggregation: the representative
has access to the inputs from a set J < I of individuals, which may vary.
For each non-empty J < I, > is the representative’s preference formed on
the basis of inputs (Z%);c; from individuals in J. As a point of notation,
for singleton J = {i}, we use >’ in place of >{}.

As noted in Section 2, we make no assumption on the format of inputs;
accordingly, this framework is rich enough to cover several standard setups

in the literature. For instance, each Z° could be a probability measure

5Le. for any ¢: Q > R, E,¢ = § ¢(w)dp(w).
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p' € A, as in the case of probability aggregation or model misspecification.
In this case, the >? would be preferences based on the confidence rank-
ings generated by these probabilities, as in the representative’s-confidence
interpretation discussed in Section 3. Alternatively, each Z' could be a
preference satisfying (9). Under the assumption that the representative’s
preferences >* coincides with the input preferences Z°, this reduces to a
classic preference aggregation problem (Crés et al., 2011; Danan et al.,
2016) for confidence preferences.

We assume that the representative’s preferences are represented accord-
ing to the incomplete preference model (9), with the same tastes no mat-
ter the inputs received. Since the confidence model has two parameters
representing tastes—the utility function v and the cautiousness coefficient

D—this is expressed by the following assumption.'6

Assumption 1. For each non-empty J < I, > can be represented accord-
ing to (9) with the same D and u for all J.

When the inputs are confidence preferences, this corresponds to the
standard assumption in the aggregation literature that all individuals and
the group share the same tastes (e.g. Crés et al., 2011).

Henceforth, we fix representations (¢, D, u) of >7, for non-empty J <

I. As for preferences, we use ¢ as shorthand for ¢,

Stakes A central idea behind the confidence family is that the beliefs
one relies on to decide are held with a level of confidence that is appropri-
ate given the importance of the decision (Hill, 2013, 2016, 2019b; Bradley,
2017a). For instance, (9) represents agents for which determinate prefer-
ences held at low stakes—where less confidence is required—may become
indeterminate at higher stakes. In the light of this, when higher-confidence
beliefs are invoked—i.e. max{D(f), D(g)} > max{D(f’), D(¢')}—then this
is an indication that the agent considers the choice between f and g to

be more important than the choice between f’ and ¢’: it involves higher

16Given the uniqueness of the representation, this is equivalent to the uniqueness of
u and D up to appropriate transformations. Indeed, whilst stated on the models for
ease, this Assumption can be reformulated in behavioural terms, drawing, for instance,
on the choice-based foundations for the weak preference version of (9) provided by Hill
(2016) (which can be extended to strict preference using Bewley, 1986; Karni, 2011).
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stakes. In the context of (9), this can be formalised by a surjective function
c: Ax A — § < R, assigning to each binary choice the stakes involved
in it. Hill (2016) contains several examples of such (real-valued) notions of
stakes.!” For (f,g) € A x A and s € S, we say that (f,g) has stakes s if
o(f,g) = s. Assumption 1 guarantees that the representative’s preferences
across different J are consistent with a single stakes function o, in the sense
that D and o are linked by a monotone transformation.!®

Given a preference relation > represented according to (9) and a stakes
level s € S, the derived relation >, is defined as follows: for all f, g € A,
f >s g if and only if there exists h € A and « € (0, 1] such that (f,h, goh)
has stakes s and fo,h > g,h.'? As discussed in Hill (2013, 2016), f >, g
essentially says that, if the acts were evaluated ‘as if’ the decision involved
stakes s, then f would be preferred. For example, consider two choices.
One is between the bet f on the Democrat candidate winning the 2028 US
President election, yielding $1 million if you win and a loss of $1 million
if not, and nothing, g. The other choice is between a similar bet f’ on
the 2032 election, with stakes (winnings and losses) a million times less
in utility terms, and no utility change, ¢’. An agent with beliefs that are
more precise and slightly more favorable for the 2028 bet might nevertheless
choose the bet in the 2032 choice but have indeterminate preferences in the
2028 one because of the difference in stakes: with lower stakes, he can rely
on low-confidence beliefs when comparing f” and ¢/, but not for the choice
between f and g. However, if the 2028 choice were evaluated at the low
stakes level, say s, then f would typically be chosen over g: i.e. f >, g.
When f >, g, we say that f is preferred to g at stakes level s, and we call

>, the preferences at stakes level s.

Consensus preferences A profile of stakes levels is a variable-population

/]

tuple of stakes levels s = (s;)ies € [ [ ,c; S"!. Under this notation, s; is un-

derstood to be the stakes level for the i*! individual under s. The following

I7Hill (2016) also discusses the relationship between the stakes involved in an act and
the stakes in a (binary) choice: in particular, whilst, for simplicity, we adopt one possible
relationship in (9) (the stakes in the choice as the highest stakes among available acts),
Hill (2016) contains examples of others (for which the results below also hold).

8More precisely, for all f,g € A, max{D(f),D(g9)} = ¢ o a(f,g) for some strictly
increasing real-valued function (.

9This is well-defined because of the richness of D.
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definition shall prove crucial.

Definition 5. For a profile of stakes levels s = (s;)ic; € [[,o; S, define
the relation >¢ on A by >¢={J,, >§ s exhibits consensus when >¢ is not
contradictory; it does not exhibit consensus otherwise. Moreover, we say
that >7 respects the consensus >¢ at stakes level s if s exhibits consensus

J
and >;C>g.

The relation > assembles all the (determinate) preferences correspond-
ing to the individuals in J, at the stakes levels specified by s. This collection
of individuals exhibits consensus across s if none of the assembled prefer-
ences contradict each other, in the sense of strictly preferring different acts.
In other words, if, for each individual ¢ € J, only their preferences at stakes
level s' were put ‘on the table’, a coherent consensus position would exist,
consisting of all such preferences, across all the individuals in J. In this
case, > represents the preferences under this consensus. The preference

o

respects the consensus > at a given stakes level s if it doesn’t decide
more than it: all of the preferences decided upon in >7 appear in the con-
sensus, though some determinate preferences in the consensus may be left
open in >7. In other words, consensus respect at stakes level s means that
the representative doesn’t adopt stronger preferences than the consensus,

at that stakes level.

4.2 Confidence aggregation and Pareto

Axioms The preference-based characterisation of confidence aggregation
relies on one main axiom. To introduce it, first consider the Pareto axiom
behind linear pooling in a sufficiently rich, single-profile aggregation context

(Mongin, 1995). The strict preference version (in our setup) is as follows.

Axiom (Issue-wise Pareto). For all acts f,g € A and non-empty J < I, if
f>%g forallieJ, then f >" g.

This principle encodes preservation of unanimity across individual pref-
erences at the level of single issues, or act-comparisons: if everyone holds
a certain preference between two acts, then it should be adopted by the
group’s representative. As noted in the Introduction, this leads to chal-

lenges related to spurious unanimity. We consider the following variant.
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Axiom (Consensus-wise Pareto). For all stakes levels s € S, acts f,g €
A and non-empty J < I, if f >¢ g for all s for which >’ respects the

consensus at s, then f >5J g.

Rather than asking the representative to adopt a preference if everyone
in the group holds it, Consensus-wise Pareto looks across all relevant con-
sensuses formed from the individuals’ preferences. If the preference holds
in all consensuses respected at a given stakes level, then the representa-
tive adopts that preference at those stakes. Consensus-wise Pareto thus
retains the motivation that group-level preferences should respect consen-
suses among its members, but, unlike Issue-wise Pareto, it does not conceive
consensus as simple unanimity in preferences between two acts. Rather,
it respects the richer notion of consensus reflected in >g, understood as a
coherent overall position acceptable to all individuals, insofar as it results
from bringing together their preferences whilst compromising by leaving
lower-stakes ones ‘off the table’. Whenever there are several relevant con-
sensuses of this sort, preferences held in all of them are adopted by the
representative at the appropriate stakes level.

Note that more consensuses are respected at higher stakes levels than at
lower ones, so fewer preferences hold in all such consensuses. This principle
thus applies to fewer preferences at higher stakes levels, in line with the
expectation that fewer preferences are held with higher confidence.

Whilst, logically, neither Issue-wise Pareto nor Consensus-wise Pareto
imply the other, Proposition 1 shows that linear pooling can be recovered as
a special case of confidence aggregation. In this sense, the latter condition
could be considered more general.

Our characterisation requires two auxiliary axioms.

Axiom (Consensus-based beliefs). For all stakes levels s € S, acts f,g e A
and non-empty J < I, if f +7, g for every stakes level s' such that some

consensus > is respected at s', then f ¥+ g.

Axiom (Non-degeneracy). There exists a tuple of stakes levels s = (8;)ier

exhibiting consensus.

Aggregate beliefs should come from individuals’ beliefs. Under confi-

dence aggregation, the latter translate into the beliefs of the group’s rep-
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resentative principally in the context of consensuses. In terms of pref-
erences, this occurs at stakes levels where some consensus is respected.
Consensus-based beliefs states that all of the representative’s preferences
are determined by those formed on the basis of consensuses: in particular,
any preferences at a stakes level where no consensus is respected must al-
ready be present at a level where some are. Non-degeneracy states that, if
individuals leave sufficiently many preferences aside by restricting to high

enough stakes levels, they can come to a consensus.

Result We have the following characterisation result.

Theorem 1. Let {>7},c; satisfy Assumption 1. They satisfy Consensus-
wise Pareto, Consensus-based beliefs and Non-degeneracy if and only if, for
each J with |J| = 2, ¢’ is a consensus-preserving confidence aggregation of
(cies, up to convex closure.

Moreover, for each J < I with |J| = 2, there is a unique minimal
confidence-level aggregator @ under which ¢’ is a consensus-preserving
confidence aggregation: that is, for all ® such that ¢’ is a consensus-
preserving confidence aggregation of (¢')ics under ® up to convex closure,
®'(0) = ®(0) for all o such that (., ' (0;) # &.

So the central axiom characterising confidence aggregation is Consensus-
wise Pareto, which is no more than a reformulation of the standard Pareto
condition to apply to a more refined notion of consensus rather than issue-
wise unanimity in individual preferences. Indeed, Consensus-based beliefs
can be dropped whenever the representative’s confidence ranking is pointed.
More generally, without it, the representative’s confidence ranking is always
that obtained by a confidence aggregation, except at confidence levels at
the bottom of the ranking.

No particular confidence-level aggregator is assumed in this result; rather,
the appropriate aggregator is determined endogenously by the individuals’
and representative’s preferences. Moreover, there is a unique minimal one:
that is, one which always takes the lowest value across all aggregators
representing the profile of preferences. Relatedly, no particular confidence-
level aggregator is imposed in Theorem 1. Extensions involving specific

confidence-level aggregators or relationships between the aggregators for
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different J lie largely beyond the scope of this paper. To illustrate some
possibilities, Appendix B proposes supplementary axioms that characterise

some confidence-level aggregators related to those in Table 3 (Section 2.2).

5 Decision making, model misspecification and

confidence

Building on the previous developments concerning aggregation, we now
bring in decision. This will permit discussion of attitudes to uncertainty,
and notably the relationship to recent model misspecification decision rules.
In terms of the general aggregation-for-subsequent-decision problem, this
requires considering the relationship between the representative’s prefer-
ences, as provided in the previous section, and the decision maker’s. We
begin by characterising this link, to obtain a representation of the decision

maker’s preferences combining the aggregation and decision dimensions.

5.1 Decision maker’s Preferences

Suppose that the representative receives input from each individual, and
let =" denote her resulting preferences (which coincide with >! from
Section 4), and >%™ the decision maker’s. We adopt standard ‘rationality’

assumptions on the decision maker’s preferences.

Assumption 2 (Decison maker’s preferences). >=%" are complete, transi-

tive and continuous.

Consider the following axioms relating the representative’s and decision

maker’s preferences.

Axiom (C-Consistency). For all f € A, x € AC,
f>mpx=>f>dmx
Axiom (Caution). For all f e A, x € A°

f)"Tepl’:>CL’def
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These are strict-preference versions of standard axioms relating incom-
plete and complete preferences (Gilboa et al., 2010; Cerreia—Vioglio et al.,
2025), albeit under different interpretations. C-Consistency is the refor-
mulation of the Consistency axiom from Gilboa et al. (2010) in terms of
strict preferences and its weakening to comparisons with constant acts.
In the current context, it says that, in all such comparisons, the decision
maker adopts all of the representative’s preferences. Caution is the strict-
preference version of Gilboa et al.’s Caution. In this context, it says that
the decision maker does not adopt any strict preferences in the previous

sort of comparison whenever the representative does not do so.
Proposition 6. Under Assumptions 1 and 2, the following are equivalent:
i. >"P and =9 jointly satisfy C-Consistency and Caution;

. >9" is represented by

min E,u 10
eoin B (f) (10)

where (¢"P, D, u) represent >"" according to (9).

Representation (10) encompasses a wide range of popular models in the
ambiguity literature. It is the ambiguity averse model in the confidence
family (Hill, 2013, 2019b), and as such generalises Gilboa and Schmeidler’s
(1989) maxmin-EU model. Like maxmin-EU, decision criterion (10) eval-
uates acts by the worst-case expected utility over a set of priors; unlike it,
the set used is determined by the act evaluated, with acts involving higher
stakes being evaluated using sets corresponding to higher confidence lev-
els. Moreover, as shown in Appendix C, representation (10) generalises
variational preferences (Maccheroni et al., 2006), which underpin the main
model misspecification decision rules. In particular, every standardly-used
variational preference—and all those used in the model misspecification

literature—can be represented according to (10) (Proposition C.1).

5.2 Aggregation for subsequent decision

Combining Proposition 6, relating the decision maker’s preferences to the

representative’s, with Theorem 1, on the formation of latter’s preferences
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from the individuals’ input, yields a representation of the decision maker’s

preferences in terms of the aggregate confidence ranking.

Corollary 1. Let {>7};c; satisfy Assumption 1 and Consensus-wise Pareto—
Non-degeneracy, and let > satisfy Assumption 2 and, in conjunction with
>1, C-Consistency and Caution. Then > is represented by:

min  E,u(f) (11)

peA:
®(()ier)<D(f)

for some confidence-level aggregator ®, where, for each i € I, (¢!, D,u)

represents >".2°

Representation (11) captures decision in the face of multiple information
sources that proceeds by aggregation followed by ambiguity-sensitive deci-
sion. It admits the two interpretations discussed in Section 3. Under the
individuals’-confidence interpretation, the decision maker chooses on the
basis of the confidence aggregation of the individuals’ beliefs. This result
thus connects to the literature on the aggregation of ambiguity preferences
(e.g. Crés et al., 2011), providing a characterisation for the confidence ap-
proach. Under the representative’s-confidence interpretation, the decision
maker chooses on the basis of the representative’s assessments, formed from
the individuals’ inputs and her evaluation of their relative expertise. This
is relevant in cases where a decision must be taken on the basis of inputs

in the form of probability measures, for instance reflecting models.

5.3 Making decisions with models

As discussed in Section 3, when input comes from models, i.e. when
I! = p' € A for each i, confidence rankings generated by the individual
probability measure inputs under a distance p and weights w(i) can be
used in the confidence aggregation rule. Plugging these into (11) yields the

representation of the decision maker’s preference by:

min E,u(f) (12)
geA:
®ierw(i)p(q,p*)<D(f)

20Recall from Section 2.1 that ¢* is an equivalent formulation of ¢!, and that confidence
aggregation can be formulated in terms of the /* (Section 2.2).
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In this representation, there are essentially three relevant parameters that
determine the evaluation of a given act: p (determining confidence in input
probabilities); ® (regulating aggregation); and the stakes of the decision
(determining the relevant D(f) and hence set of priors for the decision).
This case of our aggregate-then-decide decision rule recovers many ap-

proaches to choosing on the basis of models in the literature.

Theorem 2. For each i e I, let I = p* € A and >' be represented using
a w(i) p-confidence ranking generated by p', for some statistical distance p
and individual-specific weights w(1).

Then, under the assumptions in Corollary 1, for each row of Table 5,

the following are equivalent:
i. p, ® are as specified in the first two columns of the Table.

ii. Preferences > over acts with stakes specified in the third column of

the Table are represented as specified in the fourth column.

We now discuss the special cases in turn.?!

Low stakes: Bayesian Model Averaging In evaluating acts involving
low stakes, sets of priors held with low confidence levels will be used; if
these sets are singletons (i.e. the set in the subscript of the minimisation in
(12) is a singleton for small enough D(f)), then (12) coincides with subjec-
tive expected utility. So, for confidence-level aggregators ® and distances
p vielding the results of, say, linear pooling (Proposition 1), (12) coincides
with EU on a linear pool of the models, at low stakes. Confidence ag-
gregation with the confidence decision model (10) thus subsumes Bayesian
Model Averaging (Raftery et al., 1997; Steel, 2020), a popular approach
to dealing with multiple models that involves the linear pool of the distri-
butions provided by the various models, with weights determined by the
posterior probabilities over them (Table 5, row 1). Changing the distance
p yields EU with geometric pooling (Table 5, row 2).

21 Although I has been assumed to be finite here—and Table 5 is written for finite
I—in the model uncertainty literature the set of models is often infinite. The points
made here extend to infinite sets of models, under appropriate technical modifications.

36



Brian Hill Confidence, consensus and aggregation

Medium / High stakes: Model misspecification At higher stakes,
sets further up the confidence ranking will feature in (12). This is illus-
trated in rows 3 and 4, featuring representations that generalise Hansen and
Sargent’s (2001; 2008) constraint preferences, which are the special case of
(12) with no aggregation (i.e. singleton ), relative entropy distance and
identical D(f) for all f. For instance, row 4 shows that the specification
yielding geometric pooling (row 2) generates an ‘average’ robust control
evaluation at higher stakes. Changing the confidence-level aggregator ®
yields a ‘minimum’ robust control evaluation (row 3), where the constraint
set is determined by the minimum relative entropy distance.

Hansen and Sargent (2001, 2008) also introduce multiplier preferences,
which yield the same optima as their constraint preferences on various
classes of decision problems. By similar reasoning, for sufficiently convex
distances and confidence-level aggregators, (12) will yield the same optima

on these problems as:??

min (Bgu(f) + A @ier w(i)p(g, p'))) (13)
for appropriate A. (13) contains several representations in the recent lit-
erature on model misspecification; for instance, the settings of ® and p in
row 3 yield the representation proposed by Hansen and Sargent (2022). It
follows from the previous observations that this representation yields the
same optima as that in row 3 of the Table on the decision problems studied
by Hansen and Sargent (2008).

Model expertise Section 3 demonstrated confidence aggregation’s abil-
ity to deal with within-person expertise diversity; this remains relevant
when the ‘experts’ are models. In real applications, it is not uncommon
for some models to be ‘better’ on certain issues and ‘worse’ on others. In
climate science, say, one model could have a more detailed representation
of cloud formation, whereas another is more accurate on elements of the

biosphere: the former might thus be expected to do a better job in predict-

22Hansen and Sargent’s proof for multiplier preferences relies on the Lagrange multi-
plier theorem (Luenberger, 1969), and hence on the convexity of the constraint (R(q]|p)
in their case) as a function of ¢. Sufficient convexity conditions ensure the theorem
applies to (12) and (13).
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p ® Stakes ‘Overall’ Decision rule
E w(i .U
Reverse Average Low X Ziel("g(i)z (/)
RE
Bayesian Model Averaging & SEU (Steel, 2020)
E w(i) U
RE Average Low aniﬁw(ugw (/)
Geometric pooling & SEU (Dietrich, 2021)%3
min qeA: Equ(f)
. Medium minger R(q[p*)<n
RE Minimum .
/ High ‘Minimum’ robust control
(Hansen and Sargent, 2022; Cerreia—Vioglio et al., 2025) 24
. min geEA: Equ(f)
RE Average Medium 3y w(@®)R(qlp’)<n
/ High ‘Average’ robust control
Expsens. . B g mingea 5y 54, w(i) Rl i1, )
RE Verage oW Expertise-sensitive pooling & SEU (Defn 4)
Exp-sens. Medium min o qeA: v Equ(f)
RE Minimum Hich miny 2_7‘=1 w(z,l)R(q\pj Ip ‘Pj )<n
/ Hig Expertise-sensitive minimum robust control
Exp-sens. Medium min qeA: _ Equ(f)
RE verage / High 3 Yoy w(@)R(alp; |9y )<n
Expertise-sensitive average robust control

Table 5: Aggregation for subsequent decision (Eq. (12)): Special cases.
See Tables 2 and 3 for definitions of values for p and ® respectively.

Note: RE stands for ‘Relative Entropy’; Exp-sens. RE is short for ‘Expertise-sensitive
Relative Entropy’, i.e. p as in Definition 3 (and (4)), with the relative entropy classical
distance. In the last three rows, w : I x {1,...,1} — R0 is an assignment of weights to

models and issues. Other notation is as in Sections 3, 4 and the text.

ing hurricanes; the latter in predicting ground-level temperature (Masson-
Delmotte et al., 2021, Section 1.5.3). However, the distances underlying
Bayesian Model Averaging and existing misspecification models (Table 5,
rows 1-4) encode the assumption that all models are equally ‘good’—they
have comparable expertise—on all issues (Section 3.3). Like standard pool-
ing rules (Section 3.1), existing model-misspecification decision rules thus
cannot cope with intra-model cross-issue expertise diversity.

Using the same expertise-sensitive confidence rankings (Definition 3) in

the derivation of our expertise-sensitive pooling rule (Definition 4) yields
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a expertise-sensitive generalisation of Bayesian Model Averaging (row 5)
at low stakes. At higher stakes levels, it yields misspecification-sensitive
decision rules that can accommodate differing degrees of expertise within
models. Rows 6 and 7 provide two examples, obtained by replacing the dis-
tance generating existing misspecification models by the expertise-sensitive
distance introduced in Section 3.3. For the reasons set out in Section 3,
they constitute arguably more pertinent misspecification-sensitive decision

rules in situations where models’ performance may vary across issues.

6 Dynamic rationality

A common theme in the probability aggregation literature is the interaction
between aggregation and update. Dietrich (2021) argues that a ‘rational
group’ requires belief aggregation to be in sync with updating. This is
typically formulated in terms of commutivity: aggregation followed by up-
date on some information yields the same group beliefs as updating all
individual beliefs on the information and then aggregating. The version of
this condition for Bayesian beliefs, where updating is performed on events
(or likelihoods) by Bayesian conditionalisation, has been called ‘external
Bayesianism’ in the pooling literature (Genest and Zidek, 1986) or ‘Dy-
namic Rationality’” by Dietrich (2021).

However, the natural domain for our aggregation approach (Section
2.2) is not Bayesian beliefs but richer and more refined confidence in be-
liefs. Here, Bayesian conditionalisation no longer applies, without revision.
Hill (2022) proposes a confidence update rule for the general representation
of confidence in beliefs used here, and argues for its normative validity,
suggesting in particular that it deals appropriately with situations where
Bayesian update struggles. So the question of dynamic rationality in our

context is whether confidence aggregation commutes with confidence up-

22 As standard, the geometric pool involves a multiplicative constant, denoted .

23This generalised constraint rule takes w(i) = 1 for all i € I. Hansen and Sargent
(2022) proposed the multiplier version of this model (i.e. (13) with ® and p as specified
in the Table and w(i) = 1 for all ¢ € I); Cerreia—Vioglio et al. (2025, Proposition 6)
axiomatise a version with general convex p, minimum ® and convex, compact set of
models /. In such cases, the convexity assumptions needed to run Hansen and Sargent’s
(2008) argument hold (footnote 22), so the constraint preferences in the Table yield the
same optima as the corresponding multiplier version, in the relevant decision problems.
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date.

In the framework set out in Section 2.1, the probability-threshold con-
fidence update rule from Hill (2022, Definition 2) can be defined as follows,
where, for a set C € 22\ and event E, Cp = {p(e|E) : p € C,p(E) > 0},

and a probability-threshold function pg is a decreasing function O — [0, 1].

Definition 6 (Confidence Update (Hill, 2022)). For event E < 22\,
confidence ranking ¢ : O — 22\ and probability-threshold function pg :
O — [0, 1], the confidence update of ¢ by E under pg is the ranking c|pg =
®, where the partial function ® : O — 22\ is defined, for all 0 € O such
that {p € c(o) : p(E£) = pr(o)} # &, by:

®(0) ={p € c(0) : p(E) = p(0)}r (14)

See Hill (2022) for a full discussion and axiomatic characterisation of
this confidence update rule.

We have the following result concerning the confidence aggregation rule
Fg (Definition 2).

Theorem 3. For cvery tuple of confidence rankings (c',...,c"), every

confidence-level aggregator ®, every event E and probability-threshold func-

tion for it pg:

F®(01|pE7'-‘7cn|pE) = F@(Clw"acn)‘pE (15)

So confidence aggregation commutes with confidence update: it is ‘dy-
namically rational’; to use Dietrich’s (2021) term. Such coherence has
been argued to be an important property of an aggregation rule, so much
so that some use it to promote aggregation rules having this property, and
to criticise those that don’t. Theorem 3 thus provides a reassuring message

concerning confidence aggregation’s credentials on this score.

7 Discussion

As mentioned above, the approach to the aggregation-for-subsequent-decision
proposed here admits several interpretations. Under the representative’s

confidence interpretation, the individuals’ input can come in the form of
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probabilities; this connects our approach to a related literature on prob-
ability aggregation taking probabilities as primitive, rather than working
with preferences (Genest and Zidek, 1986). The within-person expertise
diversity challenge was first raised in this literature, with some early con-
tributions suggesting averaging with potentially different weights for each
event (e.g. Bordley and Wolff, 1981). Such rules turned out not to be well-
defined: they fail to yield probability measures unless the weights are the
same for all events, in which case one returns to standard linear pooling
in the presence of a minimal Pareto-like condition (e.g. McConway, 1981;
Genest and Zidek, 1986). This, and in particular the apparent impossibil-
ity in capturing within-person expertise diversity, has been argued to be a
problem for linear pooling (e.g. French, 1985). The limit case in Example
3.4 (Section 3.4)—involving different weights for the labour and real es-
tate events—shows that confidence aggregation can capture the intuition
behind the early proposals. It does so whilst overcoming their limits: as
testified by Proposition 5, the expertise-sensitive pooling rule derived from
confidence aggregation is always well-defined.

The model misspecification literature also takes probabilities as prim-
itives, with recent work focussing on cases of multiple probability mea-
sures (Hansen and Sargent, 2022; Cerreia—Vioglio et al., 2025). Section 5.3
shows that many of these decision rules are essentially special cases of our
approach. A central difference, however, concerns separation of the aggre-
gation and decision dimensions of the aggregation-for-subsequent-decision
problem. Whilst misspecification-motivated models in the literature bake
everything together into the decision rule, the confidence-aggregation per-
spective proposed here fully separates the epistemic issue of identifying the
beliefs (and confidence) that can or should be formed on the basis of a set of
models from the pragmatic question of their role in decision making. This is
clear in Table 5: the resulting ‘overall’ decision rule depends not just on the
aggregation parameters (first two columns), but also on the stakes, which
under (12) regulate the degree of ambiguity aversion exhibited (Hill, 2013,
2019b). This separation may be particularly relevant in situations, such as
those cited in the Introduction, with an actor responsible for aggregating
expert opinions about matters of fact, for use by a decision maker who

supplies the tastes. Moreover, this separation can bring to light hitherto
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unrecognised relationships (as in the example of ‘average’ robust control
and geometric pooling; Table 5, rows 2 & 4) and suggest new approaches
to model misspecification drawing from advances on aggregation (Table 5,
rows 6 & 7). On the decision front, extensions of representation (12) in-
volving different ambiguity attitudes and functionals can be obtained by
modifying the Caution axiom in Corollary 1, in the style of Cerreia—Vioglio
et al. (2025, Proposition 7); Lanzani (2025).

Under the individuals’-confidence interpretation, the individuals’ input
can come in the form of confidence rankings, on which confidence aggre-
gation operates directly. Just as pooling rules tacitly assume interpersonal
comparison of probability judgements—one can say when two individuals
are assigning the same probability—in direct application, confidence aggre-
gation requires interpersonal comparison of confidence—one can tell when
two individuals are talking about the same confidence level. Hill (2019a)
discusses the problem of ‘calibrating’ confidence levels across individuals,
providing and theoretically founding a scale for interpersonal confidence
comparison which can be used for ‘direct” applications of confidence aggre-
gation. Interpersonal comparison can alternatively be provided by prefer-
ences, in the context of the appropriate decision models (Sections 2.1 and
4.1).

Indeed, the characterisations in Sections 4 and 5 connect into a litera-
ture on belief aggregation working in preference-based frameworks. Spuri-
ous unanimity, for instance, first arose as an issue for preference aggrega-
tion with potentially differing utilities and subjective probabilities (Mon-
gin, 1995, 2016), and only recently has been recognised as relevant for
aggregation of belief tout court. For instance, Mongin and Pivato (2020);
Dietrich (2021); Pivato (2022) criticise the influential approach of Gilboa
et al. (2004)—which characterises utilitarian aggregation of utility and lin-
ear pooling of probabilities—on these grounds. Several reactions in this
literature work with preferences and consist in restricting the domain of
the Pareto condition. Dietrich (2021) restricts it to cases where all agents
have identical subjective probabilities, and adds a dynamical rationality
condition of the sort discussed in Section 6. Mongin and Pivato (2020);
Pivato (2022) restrict Pareto to such an extent that their representations

involve “no connection between the social probability and the individual

42



Brian Hill Confidence, consensus and aggregation

ones”. Unlike the aggregation approach developed here, these make no at-
tempt to retain the consensus-preservation intuition behind Pareto. Bom-
mier et al. (2021) present a condition preserving consensuses on prospects
yielding identical distributions of outcomes for all individuals, and use it
to provide a decision rule involving prospect-dependent aggregate distribu-
tions. Alon and Gayer (2016) and Stanca (2021) consider aggregation of
EU preferences when group preferences may be non-expected utility, and
under identical utilities in the latter case. Both involve versions of Pareto
that, were group preferences expected utility, would lead to linear pooling.

To the extent that confidence rankings support both ambiguity averse
and incomplete preferences (Sections 4.1 and 5.1), confidence aggregation
provides an aggregation rule for both sorts of preferences. Crés et al. (2011)
characterises an aggregation rule for maxmin-EU preferences, and Danan
et al. (2016) explore aggregation of incomplete preferences, with potentially
differing utilities and beliefs. Both adopt conditions comparable with stan-
dard, issue-wise Pareto. By contrast, the approach proposed here leverages
the non-probabilistic structure of beliefs in aggregation, in concordance
with the insight that confidence has a role in consensus formation (Sec-
tion 2.2). Nau (2002) proposes an aggregation rule for a confidence-based
belief representation which is a special case of that used here (see Hill,
2016, Sect. 6). His rule is based on a different intuition, pertaining to the
Bayesian risk function of the group, as defined in terms of an opponent’s
minimum expected loss in a betting game. Neither approach is contained

in the other.2*
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Appendices: For Online

Publication

A Expertise-sensitive pooling: Running Ex-
ample

In this Appendix, for completeness, we set out the details concerning the
running Example in Sections 3.3-3.5, as well as some further comments and

extensions to confidence in judgements about probabilistic independence.

A.1 Examples 3.2-3.4

First note that each probability measure p over {L, L¢} is determined by
p(L), and similarly for the other partitions (Example 3.2). So each tuple
(pL.Pr.PB) € A(PL) x A(Pgr) x A(Pp) is fully characterised by the vector
(pr(L),pr(R),pp(B)) € [0,1]>. The set Pp, p.p, S A(Pr) x A(Pg) x
A(Pg) of tuples derived from probability measures on the full state space
(Section 3.5) is defined by the following linear inequalities imposed by the
fact that B = L n R: Pp, p.p, is the set of all (pr,pr,p5) € A(PL) X
A(Pr) x A(Pp) satisfying

) =
(R) >

1>

pr(L) + pr(R) — pp(B)
Writing these inequalities in vector notation, Pp, p, p, corresponds to the

set of vectors q € [0, 1]? satisfying the constraint Aq < r where

-1 0 1 0
A= o -1 1 |. r=1]o0
1 1 -1 1
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Moreover, for each confidence level o in the confidence ranking (5) in Ex-
ample 3.3, the map of ¢¥(0) into the space A(Pr) x A(Pr) x A(Pp) can

be written as:

c“(0) = {qe[0,1*: (g — p“)"D*(q — p*) < 0} (A.2)
where
0.9 2wk 0 0
p" =1 01 | D= 0 2wk o0
0.09 0 0 2wk

0.1 2wkt 0 0
pP=1 09 | D= 0 20t o0
0.09 0 0 2wk

It follows that the minimisation problem (8) defining the centre of
the confidence aggregation in Example 3.4 becomes the following simple

quadratic optimisation problem under constraints:

argmin Y. (q — p')"Di(q - p')
Aasr . ZT R

1 (oplmpt (L) + opbmp®(D) + (ophgpt(R) + Eap®(R)) — 1 <

w£+wf w£+wf wﬁ+wg w§+wg
0.09, then the constraints are slack, and the ungiue solution is:

(L) =Ly + — TR
b wi + wf wi + wf
wL wR
R) = R L R R R
R =g )+
p(B) =0.09

wip™(L)+wip™(L)
wf+wf

Henceforth, denote the issue-wide weighted averages by m; =
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wIL_-tpL (R)erg'pR(R
L R
Wg+WE

and mg = ). Otherwise, solving the minimisation problem

yields the following unique solution:

(L) 1 my, +mpg — 1.09
pi&) =mrp — —7 R__1 1 1
u&/+-wL wé+w§ +-w§+wg +-w£+wf
1 myr, +mp — 1.09
p(R) =mp — L R 1 1 1
wR + wR wg-‘rwg + wIL{-‘rwI}% + wf-‘rwf
1 mr, +mp — 1.09
p(B) =0.09 + LT R .

L R 1
w w
B<+ B w§+w§ +rw§+w§ +rw£+w§

where, as specified, p*(L) = p®(R) = 0.9, p"(R) = p®(L) = 0.1, p¥(B) =
pf'(B) = 0.09. These solutions yield Proposition 4, as follows.

Proof of Proposition 4. The solutions provided above imply that the centre
of the aggregate confidence ranking is a singleton. We now consider the
other parts of the Proposition.

Part i. If the constraint mentioned above does not bind (i.e.
(e (D) + g™ (D) + (g™ (B) + g™ (R)) =1 < 0.09)

L R L L R L
wy +wy wy +w WE+WE witwp

then the result follows immediately from the assumptions (notably w¥ >
wl and wk > wk) and the solution provided above. Now consider the
case where the constraint is binding. Since Z—ILE = Z}’—% (and plugging in the
values for pZ(L), p?(L), p“(R), p?(R)), we haée thai? mr = mpg. Using the
solutions provided above, and the fact that the assumption implies that

(w£+wf)( lg—i— L -4+ 2 )22,50

w§+w w§+wR w£+w§
1 myr, + mgr — 1.09
mr— —T R__1 1 1 > my — (mg — 0.545) = 0.545
u&/+qu w§+wg +-wé+w§ +-w£+wf

and similarly for the expression for p(R), yielding the required result.

Part ii. The result follows from taking the limits in the previous solutions

L R L R
wptwpg wptwpg
as PR = 0 and i 0
O]
.. . wg+w§
Note that Proposition 4 considers the case where pvv o Sl 0 and
L L
w§+w§ . . . .
E—E — (), which, arguably, is closest to the example described in the In-
witwgy
. . . w§+w§
troduction. For completeness, note that, in the opposite case of —Z o
L L

49



Brian Hill Confidence, consensus and aggregation

L R

oo and ZE :ﬁﬁ — 00, the confidence in the probability judgements concern-
R R

ing B grows very large comparatively, so these are retained at the expense

of others. Hence, we have:

myp +mg — 1.09

p(L) —mr — L., R
1 + wy +wy,
wﬁ+wg
myr +mgr — 1.09
p(R) »mpg — ™
1_|_ R R
w£+wf
p(B) —0.09

Here the judgement about B is fully preserved, as one would expect given
the high confidence postulated in it. This places a strong constraint on
p(L) and p(R) (namely, p(L) + p(R) = 1.09). The possible probability
available is shared between L and R according to the comparison between
the issue-wide weighted averages m; and mpg and the ratio between the

overall confidence (i.e. wk +wl v.s. wk+wk) in each of these judgements.

A.2 Confidence in independence judgements

A central factor in Example 3.4 is the trade-off between the confidence in
the judgements concerning the main two issues—Ilabour and real estate—
and what happens to both, considered as a third issue. However, an alter-
native analysis considers individuals to have opinions on the main issues
and their relationship, rather than ‘primitive’ views on B. We now briefly

show that the confidence approach can easily support such perspectives.

Example A.1. Now suppose that Laura and Ray hold beliefs about L
and R, and about the independence of L and R: they believe them to
be independent, without being maximally confident in this judgement.?

This can be reflected using a vector of weights wt = (w, wk wk) (resp.

ZIndependence here refers to the probabilistic sense: p'(L n R) = p*(L)p‘(R). Note
that the belief in independence implies that p*(B) = p®(B) = 0.09, as per Table 1.
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wl = (wl wl whk)) and the following confidence ranking:

Zj:{L,R} 2ij<Q(j) —p"(5))?

+2w? (¢(B) — q(L)-C](R))2

VAN
o

Cra(0) = { g€ A (A.3)

and similarly for cf ;. These are clearly well-defined confidence rank-
ings. The weighted element corresponding to the event B here is (¢(B) —
q(L).q(R))?, which reflects the ‘distance’ from independence of L and R.
So, at higher confidence levels, probability measures with larger ‘distances’
from independence are contained in the set of priors, translating the limited
confidence in independence.

The solution of the minimisation problem (8) can be obtained simi-
larly to the analysis in Example 3.4, yielding as centre of the aggregate

confidence ranking p with:

(L) =" pi(ny + — R
b wl + wht wl + wit
wL wR
R) — R L R R(p
p( ) wé+wg ( ) IU}L%‘F'Lng ( )

Here the aggregation on each of the issues L and R uses issue-specific
weights, reflecting differing confidence, as in the limit case in Proposition
4. For the issue B, agents’ beliefs concerning the independence of L and R

generates the probability.

In tandem with the discussion in Section 3, this illustrates that the con-
fidence approach can not only recoup averaging with issue-specific weights
whilst retaining consistency, but it can also incorporate varying opinions
about independence or more generally the relationship between issues. This
is relevant for another recurrent criticism of linear pooling: that it does not
preserve independence. As is well known, even if all individuals consider
the events L and R to be independent, the linear pool might not (e.g.
Genest and Zidek, 1986). This is easy to see on our running example: the

L _1
)

linear pool of Laura’s and Ray’s probabilities with equal weights (w” = 5

is pHP(L) = 0.5, p"P(R) = 0.5, p"¥(B) = 0.09, so L and R are not in-
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dependent under p*?, though they are under p* and pf. The aggregation
above based on confidence rankings of the form (A.3) shows how confidence
aggregation can respect independence, whilst retaining much of the spirit

- : - L _ L _ R _ R
of linear pooling. For instance, when wy = wg = w; = wy, the result-

ing centre probability is p” (L) = 0.5, p""(R) = 0.5, p*7(B) = 0.25: i.e.
the same as linear pooling for the issues L and R, but with independence
retained (and hence a different B).

The beliefs about the independence of L and R in Example A.1 are
considered merely for the purposes of illustration. The point of the example
is more general: by incorporating conditional probabilities much in the way
proposed in Eq. (A.3), the confidence approach can respect conditional
probability judgements (including, but not limited to, judgements about
independence) in the aggregate belief. In accordance with the philosophy
behind the approach, they are respected to the extent that the individuals

are confident in them.

B Characterising confidence aggregation: spe-

cial cases

In this Appendix, we extend Theorem 1 to characterise, as special cases,
confidence aggregation under some of the families of confidence-level ag-
gregators mentioned in Section 2.2 (Table 3) as well as the following gen-

eralisations.

Example B.1 (Generalised Maximum aggregator). An aggregator of the
form ®o = ¢ (max{o;}) for ¢ : O — O an increasing transformation of

confidence levels.

Example B.2 (Generalised Minimum aggregator). An aggregator of the
form ®o = ¢ (min{o;}) for ¢» : O — O an increasing transformation of

confidence levels.

Example B.3 (Non-neutral Maximum aggregator). An aggregator of the
form ®o = max {¢;(0;)}, where ¢); : O — O (for i = 1,...,n) are increasing

transformations of confidence levels.

52



Brian Hill Confidence, consensus and aggregation

More specifically, we will provide results for the following stronger rep-
resentation: ¢ = Fg(cl, ..., ¢"), with Fg(ct,...,d") = (¢, ..., ¢n) for
every (¢*,...,c") € II", where, for every o € O such that | J,.go_, [); ¢ (0:) #

)

bg(c,. .., o) = | [ (o) (B.1)

0:®0=0 i
The only difference with respect to Definition 2 is that here the union is
taken over all tuples of confidence levels whose confidence-level aggregate
equals o, whereas the previous procedure looks at all those with confidence-
level aggregate at most o. It follows directly from the fact that confidence
rankings are increasing in o that, if ¢ = Fg(c!,...,¢"), then ¢ is a
consensus-preserving confidence aggregation in the sense of Definition 2.
Recall that, under Assumption 1, max{D(e), D(e)} is a monotonically
increasing transformation of o. By appropriate choice of normalisation for
O and S, it can be assumed that they are identical. Under this assumption,
we have the following result, which involves the axioms in Figure 4, and

defines clauses according to Table 6.

Theorem B.1. Suppose that O is infinite, let {>7},;c; satisfy Assumption
1 with max{D(f), D(g)} = o(f,g) for all f,g € A. For each of the rows in
Table 6: {>7};c; satisfy Consensus-wise Pareto, Consensus-based beliefs,
Non-degeneracy and the axiom(s) in the first column of the table if and
only if, for each J with |J| = 2, there exists a confidence-level aggregator
® of the type specified in the second column such that ¢’ = F®(cl, ceey Cn),

up to convex closure.

We make no particular claim for any of the confidence-level aggregators
in Table 6 on normative grounds; we present this result to illustrate the
richness of the approach, and exemplify some simple aggregators.

The axiom involved in the characterisation of confidence aggregation
with an affine aggregator, Consensus Independence, uses the notion of un-
covered consensus. For every tuple of stakes levels s exhibiting consensus
and stakes level s with > respecting the consensus > at s, we say that
the consensus at s is covered when, for all acts f, g, if f *}5 g then there

exists a tuple s’ exhibiting consensus with s’ % s such that >7 respects the
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Axioms Aggregator

Consensus Independence Affine

Consensus Independence, Neutrality —Average

Consensus Join Non-neutral Maximum
Consensus Join, Neutrality Generalised Maximum
Consensus Meet, Neutrality Generalised Minimum

Table 6: Characterisations of special case confidence-level aggregators, to
be read in the context of Theorem B.1.

Axiom (Consensus Independence). For all non-empty J < I, and all
tuples of stakes levels sq,...,s1,t1,...,tm € S| exhibiting consensus
and aq,...,00 B, ..., B € [0,1] with 22:1 ap = Z;n:lﬁj = 1 and
22:1 aRs; = Z;nﬂ Bjt;, if, for some stakes levels si,...,s;,t1, ... tm,
>7 does not respect the consensuses >, at s;, for each k = 1,...,1,
and >y, are uncovered consensuses at t; for all j = 1,...,m, then

S Sk < DT Bit;.

Axiom (Consensus Join). For all non-empty J < I and any tuples of
stakes levels s,t exhibiting consensus, if >’ respects the consensuses
>, >¢ at s, then it respects the consensus >g.¢ at s.

Axiom (Consensus Meet). For all non-empty J < I and any tuples
of stakes levels s, t exhibiting consensus, if >7 respects the consensuses
>, >¢ at s, then it respects the consensus >g ¢ at s.

Axiom (Neutrality). For all non-empty J < I and any stakes levels
s, tuple of stakes levels s and permutation 7 such that s, 7(s) exhibit
consensus, >’ respects the consensus >4 at s if and only if =7 respects
the consensus > at s.

Where, for any s,t € S” and « € [0,1], (as + (1 — a)t), = as; + (1 — a)t;,
(s v t); = max{s;,t;} and (s A t); = min{s;, ¢;}.

Figure 4: Axioms for special cases

consensus >y at s and f *}¢ g. Otherwise, say that the consensus is uncov-

ered at s. When the consensus > is covered, there is no f, g such that the
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absence of preference between them according to >7 can be pinpointed as
being due to the respect for consensus >4, for there is some other consen-
sus respected at s that does not have any preference either. So, when the
consensus is uncovered, it contributes for sure to the construction of group
preferences, even in the context of the other relevant consensuses. In par-
ticular, it means that the group confidence level assigned to this consensus
can’t be a lower than that corresponding to stakes level s.

In the light of this, Consensus Independence can be thought of as an
Independence-like axiom, adapted to this context. An Independence ax-
iom in this context would imply that if >/ does not respect >4 at s;, for
all 4, then it does not respect any mixture >y ,,s, exhibiting consensus
at ), aps,. However, consensus-preserving aggregation with an affine ag-
gregator can violate such a condition when, for instance, the consensus
involved is respected ‘by accident’, because it is covered; so the implication
does not hold. Consensus Independence corrects the first-pass indepen-
dence condition to account for such cases, using the notion of uncovered
consensus. It allows that the mixture of uncovered consensuses may not
be uncovered, and it allows that a mixture of non-respected consensus may
be respected, but doesn’t allow the mixture of uncovered consensuses to
coincide with a mixture of non-respected ones.

The characterising axiom for a non-neutral maximum confidence-level
aggregator, Consensus Join, states that respect for consensus at s is pre-
served if one takes the consensus corresponding to the largest stakes level
for each entry in the tuple (the join). Consensus Meet is the dual axiom,
involving the lowest stakes level for each entry. Neutrality is a standard
neutrality axiom, adapted to the current context, stating that respect for
consensus is preserved under permutation of individuals. Added to the
other conditions, it characterises the ‘neutral’ average, generalised maxi-

mum and generalised minimum confidence-level aggregators.
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C Connecting Confidence-based and Variational

Preferences

We briefly state two results connecting the ambiguity averse confidence-
based preferences (10) with variational preferences.
A preference > is variational (Maccheroni et al., 2006) if it is repre-

sented by

V(f) = min (Eyu(f) +~(p)) (C.1)

peEA

where u is as in Section 4.1 and v = A — [0,0] is a grounded, convex,
lower semicontinuous function on the probability space.?

A variational preference > is said to be strongly grounded if there is
a representing 7 which attains it infimum (over A). The vast majority of
variational preferences used in practice are strongly grounded. For instance,
in the main examples of variational preferences generated by divergences
(Maccheroni et al., 2006) or drawn from sets of models (Cerreia—Vioglio
et al., 2025), the infimum is attained. This is also the case where the
probability space is weakly compact, and hence when €2 is finite. The
following result shows that this class of variational preferences are in fact
confidence preferences, for appropriate ¢ and D (see Appendix D.3 for

proofs).

Proposition C.1. Let > be a strongly grounded variational preference.
Then there exists (¢, D,u) such that > is represented by (¢, D,u) according
to (10).

For a partial converse to this result, let >%" be a preference relation
represented by (¢, D,u) according to (10), and consider the following two

assumptions on D.
Assumption C.1. For all f € AAAS, z,y€ A° and a € (0,1]

D(fa) = D(fay) (C.2)

264 is grounded if its infimum is zero: as elsewhere, A is taken to be equipped with
the weak™® topology.
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Assumption C.2. For all f,g € A, a € [0,1], z € A° and 0 € O, if

f>Ma, g > 2 and minge.) Eyu(fag) < u(z), then

D(fag) <o

We have the following equivalence.

Proposition C.2. Let =% be represented by (¢, D,u) according to (10). If
D satisfies Assumptions C.1 and C.2, then >=9" is a variational preference.

Moreover, if ¢ is strictly increasing, the converse implication holds.

So the confidence preferences used in (10) can coincide with variational
preferences, under appropriate assumptions on D. Under the philosophy
behind confidence preferences, D typically reflect only tastes about the
confidence level deemed appropriate for evaluating a given act, and hence
the stakes involved in it. Such an interpretation is difficult to uphold for
Assumption C.2, suggesting that the subfamily of confidence preferences
that are variational do not respect taste-belief separation. This may be
related to the lack of such separation for variational preferences in general,

as suggested by the dependence of v on u (Maccheroni et al., 2006).

D Proofs

D.1 Proofs of results in Sections 2, 4 and Appendix B
We begin with the following Proposition, mentioned in Section 2.2.
Proposition D.1. ¢"? is a consensus-preserving confidence aggregation of

(ct,...,c") under ® if and only if

®Up), ..., " (p)) ifVid(p)eO

%) otherwise

ROE

where the implausibility function (' for ¢ is as defined in Section 2.1.

Proof. By the definition, p € ¢"*(0) if and only if, for some o with ®o < o,
p € c'(o;) for all i = 1,...,n. First consider p such that ((p) € O for all
i. For such p, p € ¢'(:'(p)) for all i and hence p € "?(Q(:(p), ..., (p))).
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Moreover, for any o with ®o < ®(:!(p),...,"(p)), 0; < (*(p) for some i by
the monotonicity of ®; since t'(p) = min{o’ € O : p € ¢(¢)}, it follows that
p ¢ ¢'(0;). Hence, for every o/ < & (p),...,t"(p)), p € ¢"?(d'). The first
clause of the required formula follows from the definition of +. As concerns
the other case, if there exists i with /*(p) = &, then p ¢ ¢'(0) for all 0 € O,
so, by the definition of confidence aggregation (notably Eq. (1)), p ¢ ¢"?(0)
for all 0 € O. So (°(p) = &, as required by the second clause. O

We now prove Theorems 1 and B.1. It suffices to prove them for a
single J < I, |J| = 2. For the rest of this section, we fix such a J, and use
>% to denote >7, and ¢ to denote ¢’/. Recall that, under Assumption 1,
{(c", D,u)}, (°, D, u) denote the representations of the {>*}, =% Moreover,
as noted in Section 4.1 (footnote 18), max{D(f), D(g)} = ( o o for some
strictly increasing ¢ : R — R. Throughout the rest of this section, with
slight abuse of notation, for any stakes level s € S, we shall denote ¢(¢(s))
by c'(s), for all i.

D.1.1 Proof of Theorem 1

We first show sufficiency of the axioms. Let X < 8™ be the set of tuples
exhibiting consensus. By Non-degeneracy, there is a tuple (s;);c; exhibiting
consensus, so there is a tuple (s;);c; exhibiting consensus for any J < I,
|J| = 2. Hence X # J. Let > be the dominance ordering on §™: s > t
if and only if s; > ¢; for all i. X is closed under >: if s € X and t > s,
then > is not contradictory; but >, <>, for all ¢« by the properties of
confidence rankings, so >¢ is not contradictory and hence t € X.

The following claim follows immediately from standard arguments (e.g.

Ghirardato et al., 2004), for every >4 exhibiting consensus.

Claim D.1. > respects the consensus > at stakes level s if and only if
() 2 iZy ¢'(s0).

Claim D.2. For any set Y < S” such that >4 exhibits consensus for every
s €Y, [Ny >s is represented by | ..y [, ¢’(s;) in the following sense:
for all f,ge A, f > g if and only if

E,u(f) > E,u(g) forallpe U ﬂ c'(s;) (D.1)

seY i=1
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Proof of Claim D.2. First consider >4 exhibiting consensus, and let >n
be the ‘Bewley’ preference such that, for every f,g € A, f >ns g if and
only if

n

E,u(f) > E,u(g) forallpe ﬂ c(sq) (D.2)

i=1
Note that, since the ¢’ are closed and convex, so is their intersection. For
every f,g€ A, f >s gifand only if f >% g for some i and f «! g for every
i. By Assumption 1, this holds if and only if, for some i, E,u(f) > E,u(g)
for all p € ¢'(s;), and, for every i, it is not the case that E,u(f) < E,u(g)
for all p € ¢'(s;). Since [, ¢(s;) # &, this holds if and only if, for all
pe N, c(si), Epu(f) > Eyu(g). Hence >3=>ns.

Now COHSlder Y as specified. The case in which Y is a singleton has
just been treated, so suppose that Y contains several elements. By the
previous observation, for every f,g e A, f >4 g for every s € Y if and only
if f >ns g for every s € Y, which holds if and only if Eyu(f) > E,u(g) for
all p € (), ¢(s;) for every s € Y. This holds if and only if Eyu(f) > E,u(g)
for all p e | J oy iy ¢ (si), as required.

O

Define the function G : X — S as follows:

G(s) = min {s :>0c>.}

o=}

where the equality follows from Claim D.1. Note that if G(X) is a finite
set, then min G(X) € G(X). The following proposition implies that this
is the case when G(X), and hence O, is infinite—and hence, given our

assumptions, when the confidence rankings are upper semicontinuous.

Proposition D.2. If the confidence rankings ¢ are all upper semicontin-

uous, then, for any decreasing sequence s; € X with s’ — s, s € X and

G(s) < lim G(¢7).

Proof. Consider a decreasing sequence s’ € X with s/ — s. Since each

¢’ is upper semicontinuous, [, ¢'(s]) = c(s;) for each 4, so (I, ¢'(s;) =
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i d(s)) = N, N, ci(s]) # &. Sos e X. Moreover, by the defi-
nition of G, *(G(s)) 2 (;MNizy ¢'(s]), so G(s) < G(s7) for all j. Hence

G(s) < lim G(s’), as required. O

Claim D.3. For every s > min G(X), >{ is represented by e x.o=ce) [ €' (51)
in the Bewley sense: i.e. for all f,ge A, f >? g if and only if:

Epu(f) > Eyu(g) forallpe ) [)c(s) (D.3)

seX:s=G(s) ¢

Proof. Fix a stakes level s with s = min G(X), and consider any s’ with
G(s') < s. (By the previous observations guaranteeing the existence of a
minimum, such s exists.) By the definition of G, there exists s” € X with
s" < s and >% <>y Tt follows from the nestedness properties of confidence
rankings that >%<>9%c>,. Since this holds for all s with G(s') < s, it
follows that >%c seX:55G(s) -
To establish the opposite containment, consider f, g with f >g g for all
s € X with s > G(s). For any s’ such that > respects the consensus >g
at s, it follows from the definition of G that s > G(s'), so f >¢ g by the
assumption specifying f, g. Hence, by Consensus-wise Pareto, f > g. So
=l A X:s=G(s) s> and hence there is equality. It follows from Claim D.2
that (D.3) holds for all s > min G(X).
[

Since °(s) represents >? by the confidence representation (Hill, 2016),
it follows that, up to convex closure, ¢*(s) = Usex.ssq(e) [ €' (80)-

By the nestedness of confidence rankings (i.e. the fact that c is increas-
ing in o), we have that, for any s,s’, if 8’ > s, then G(s') > G(s), so G
is monotonic. Moreover, if >s=>¢, then G(s) = G(t), so G generates a
well-defined function on the equivalence classes of 8™ under the relation
setting s and t equivalent if and only if >g=>¢, which we also call G. So
®, defined by

CoG(CH01),-- ¢ on)) (CTH(01),-- ¢ on)) € X
¢(min(G(X))) otherwise
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is well-defined; i.e. even if (("'(01),...,("(0,)) is multi-valued, for any
s,t € (Y (01),...,C Y on)), >s=>¢ by the confidence decision model, and
so G((C"Ho1),...,¢ 1 (0,))) is well-defined (G(s) = G(t)). Moreover, ® is
monotonic, and thus a confidence level aggregator. It follows from Claim
D.3 that (1) holds up to convex closure for all o with | J,.ge<, [ ); ¢'(0:) #
. For any s < minG(X), by the nestedness of confidence rankings,
>0c US,EG(X) >9. However, by Consensus-based beliefs, if f >Y g, then
f >3 g for some 5" € G(X), so >)= Uyeqx) >v- Hence, for any o

with Uygozo N ¢(0) = @, €(0) = Myegry (') = (min G(X)) (by the
upper semicontinuity of confidence rankings), up to convex closure, so ¢
is consensus preserving, as required. This establishes the Theorem.

Moreover, note that since ® is monotonic on the domain where (~*(o) €
X, any monotonic operator coinciding with ® on this domain is also a con-
fidence level aggregator, and represents aggregated preferences according
to (1), hence establishing the ‘only if’ direction.

The ‘if” direction is a direct consequence of (1) and Claims D.1 and
D.2.

Finally, suppose that ® # ® is another confidence level aggregator

Y is a consensus-preserving aggregation of

such that, up to convex closure, ¢
(ct,...,c") under ®. Let G'(s) = ®(s). By the confidence representation
and the fact that ® is a consensus-preserving aggregation of (c!,..., c")
under &', for every s € X, >%,(S)g>s. It follows from the definition of G
that G(s) < G'(s) for all s € X. So, either ® coincides with ® on X, or
there s € X with ®0 # ®o0, so ®0 > ®o. Hence ® is the unique ® taking

minimal values on all consensuses, as required.

Remark 1. Note that the use of profiles of confidence levels with ®o less
than or equal to o, rather than just equal, as in (B.1), is a result of the
general framework adopted for this result. More specifically, it is clear to
see that one can prove, using arguments along the lines above, that one
can replace the less than or equal with equality under the condition that,
if ®o < o, then there exists o’ > o with ®0’ = 0. For an example where
this condition is not satisfied, consider O = {a,b,c} with a > b > ¢, and
two agents 1,2. Consider ® giving the value ¢ on (¢, c¢) and the value a
otherwise. Clearly, the condition is not satisfied for b—in fact, there is no
o with ®o = b. So there is no ® such that (2) holds with equality in the
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place of the inequality.

D.1.2 Proof of Theorem B.1

Proof for Table 6, row 1 (affine aggregation). Let X be as defined in the
proof of Theorem 1. Let

{(s,s) eR" :se X, »0c>_}
{(s,s) e C:>¢2 ﬂ >}

s':(s’,s)eC, s'*s

C
K

C is the set of consensuses and K is the set of ‘covered’ consensuses—i.e.
where there is consensus because the other consensuses at this s ‘cover’
this one. For a tuple of stakes levels s and a stakes level s'; sis is the
tuple obtained by replacing the ith stakes level in s by s’. An individual
i is mon-null if there exist s,s;s € X and t € S with (s,f) € C\K but
(sis,t) ¢ C. Let NN = {i e {1,...,n} : 4 non-null} and Y = SV < R"
be the subspace of 8™ containing the stakes levels for non-null individuals
only; we use Xy, Cy, Ky etc to refer to the projection of X, C, K etc onto
Y, Y xR etc.
Define

(s,s)eY xR:se Xy, >2E>} = (Xy x R)\Cy
(s,8) € Cy :3s' < s,(s,5) € Cy\Ky}

For a set Z, let conv(Z) be the convex hull of Z. Note that L,U < Xy xR,

so conv(L), conv(U) < conv(Xy) x R.

Claim D.4. conv(L) n conv(U) = .

Proof. For reductio, suppose that there exist (sq,s1),...,(s;,8) € L,
(t1,t1), .o, (bst) € U, a1,...,a0B1, ..., Bm € [0,1] with 3 a; =
St Bo= L M aisi = N Bt and Y s = X, fits. With-
out loss of generality, the ¢; can be chosen to be minimal such that

(t;,t;) € U. It follows from Consensus Independence (extending to tu-
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ples to take any value off NN for which there is consensus, if necessary)
that 22:1 a;s; < Doivy Biti, which is a contradiction.
O

Claim D.5. conv(L) is open in the subspace topology on conv(Xy) x R.

Proof. Note that L¢ n (Xy xR) = Cy = {(s,s) e Y xR:se X, G(s) =
s}, where G is as defined in the proof of Theorem 1. By Proposition
D.2 and the nestedness of the preferences orders at different stakes levels,
L n (Xy x R) is closed. Hence L is open in the subspace topology on
Xy x R. It follows that the convex hull conv(L) is open in the subspace

topology on conv(Xy) x R. ]

By the previous claims and a separating hyperplane theorem (Rockafel-
lar, 1970, Thm 11.3), there exists an linear function ¢ : R¥Y — R and
X € R with ¢((s,s)) < x for all (s,s) € conv(L), and ¢((s,s)) = x for all
(s,s) € conv(U). Since it is linear, and without loss of generality, ¢, x can
be chosen so there exist w;, i € NN such that ¢((s, s)) = s—>,, w;s;. Define
Gapr : R" = S by Gafr(s) = Dcnn wisi + x. Note that G,y is an affine
function on R", with zero weights on i ¢ NN. By construction, s < Guy(s)
for all (s, s) € conv(L), and s = Gyy(s) for all (s, s) € conv(U).

We first show that w; > 0 for all i € NN. By the nestedness of con-
fidence rankings, for any s’,s € Y, 8’ > s, if (s,s) € L, then (s',s) € L.
For reductio, suppose, for some k, that wy < 0, and consider (s, s’) € L.

By construction, s, with s — > . w;s; = ¥, is such that (s, s) ¢ L. Consider

/ s—s’ !

s = (s1,...,8 — wk,...,sn). S

ever, s’ — ). w;s; = x, contradicting the established properties of ¢. Hence

> s since wy < 0, so (s',s") € L. How-

w; = 0 for all i € NN. Suppose now that for some i € NN, w; = 0. By the
nestedness of the confidence representation and the definition of NNV, there
exists s € X, ¢/, ¢t such that (s,t) € U and (ss, t) € L; however, since w; = 0,
Gasr(s) = Garr(sis), which contradicts the definition of Gozs. So, for all
te€ NN, w; # 0. Hence w; > 0 for all i e NN, and G,y is monotonic.

Claim D.6. For all s > inf Goz(X), > is represented by e v.o—q,, () i €' (1)
in the Bewley sense: for all f, g€ A, f > g if and only if:

E,u(f) > E,u(g) forallpe U ﬂci(si) (D.4)

seX:s=Gqyryp(s) 1
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Proof. Fix a stakes level s, with s > inf G,z¢(X). For any s € X with
Gars(s) = s, by the construction of ¢ and the definition of NN, >%c>.
SO >2§ mSEX:S:Gaff(S) >s-
We now establish the opposite containment. By Consensus-wise Pareto,
0
>0

s=

ﬂs:(s,s)eC >s. Consider any s’ such that >° respects the consen-
sus >g at s—so (s',s) € C—and Gu5s(s’) < s. Then by the fact
that the w; > 0 for all ¢, there exists s > s’ with G,s(s) = s; by
the nestedness of confidence rankings and the preference representation,

>g2>2 ) >s. Since this holds for all such s, >%2

s:(s,5)eC, Garp(s)=s
ﬂs:(s,s)eC’, Gasp(s)=s ~ 8= ﬂs:Gaff(s):s >s M ﬂs:(s,s)eC’, Gapp(s)>s s where the
equality is due to the construction of G,rr. Now consider any s’ with

(s',s) € C and Gupf(s') > s. If (8',s) ¢ K, then (s',s) € U, contradicting
the fact that G,sr(s’) > s and the construction of G,s¢. Hence (s',s) € K,
SO >g=2 ﬂs”:(s”,s)eC, s" s’ sl So ﬂs:Gaff(s)zs >s M ms:(s,s)eC, Gaff(s)>s >s=
ﬂS:GaH(S):S >¢ N ﬂs;(s,s)ec, Gops(s)>ssss s Since this holds for all such s,
it follows that ms:Gaff(s):s >s N ms:(s,s)eC, Gafp(s)>s >s= ﬂs:Gaff(s):s >s, SO
>82 ﬂS:Ga.ff(S)=8 >S'

SO >g: ﬂS:Gaff(S)=S
all s = inf Gopp(X).

>; it follows from Claim D.2 that (D.4) holds for

[]

Since °(s) represents >? by the confidence representation (Hill, 2016),
it follows that, up to convex closure, °(s) = UseX:Gaff(s)=s M), ' (s:)
Define ® by
®o = Z w;0; + X

Clearly, this is an affine confidence level aggregator. Moreover, by Claim
D.6 and the fact that ¢ is the identity, (B.1) holds up to convex closure for
every o with Jg.go,—o [ );¢'(0i) # &. By a similar argument to that used
in the proof of Theorem 1, the representation extends to other o € O as

Y is a consensus preserving with

required. Hence, up to convex closure, ¢
affine aggregator ® as required.

For the necessity of the Consensus Independence axiom, suppose that
there is an affine aggregator ® representing preferences. Consider any
S1,--.,81,t1,...,tm exhibiting consensus, and v, ..., «;, 81, ..., B € [0,1]

with Zi@:l R = ZZL:l ﬁk =1 and Zi@:l QRS = ZZL=1 ﬁktk. If >0 does not
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respect the consensuses >g_ at sy, then ¥ (sz) 2 ), ¢'((sk)i), whereas,
by the aggregation rule ¢® (3, wi(sk); + x) 2 [); ¢ ((sk):), so, by the nest-
edness of confidence rankings, s, < w;(sk); + x. If this holds for all k,
then 22:1 QpsSk < Y, W; Zﬁc:l ag(sk); + x. Similarly, if >¢,_is an uncov-
ered consensus at t; then, by the confidence representation of preferences,
& (tr) 2 ;¢ ((tx)i) and (), ¢'((tw)i) ¢ Usstr, stec Mic(si) < & (tn).
By the aggregation representation, it follows that ¢ (3, w;(tk); + x) =
U51 2 wisi=2; wi(ti) ﬂ% Ci(si) S ﬂl Ci((tk>i>UUS}tk7 (sstr)eC ﬂl Ci(si) S CO(tk)’
so, by the nestedness of confidence rankings, >, w;(ty); + x < tx. Soif >¢,
is an uncovered consensus at ¢, for each k, it follows that >, ity =
S wi Yy Br(ta)i + x. Since, 3w Yy a(si)i = 2, wi Sty Beltuc)i, it
follows that >, | Bity > ka:l Sk, as required.

]

Proof for Table 6, row 2 (averaging aggregation). We show that there ex-
ists a representation of the sort obtained in the proof of part i. where the
weights are equal. For reductio, suppose not, and consider a representation
with an affine aggregator with w; > wy, for some j, k. First, by Neutrality
and Non-degeneracy, NN = {1,...,n}, so wj, wy # 0.

First consider the case where there exists s and s such that (s, s) € C,
s is a maximum, under >, of {s' : (s, s) € C}, and s; # s;; take any such s
and s. By the upper semicontinuity of confidence rankings, for any strictly
decreasing sequences t; — s; and tj — sy, (), ¢ (s:) N ¢ (t) — (), ¢ (s1)
and (), ¢'(si) n (t;) — (), ¢'(s;) as | — . By the fact that s is a
maximum, ((¢;);s,s) ¢ C, ((t])ks, s) ¢ C for all [. By the affine aggregator
representation and the upper semicontinuity of confidence rankings, for
each s” > s, there exist my, my with ((¢);s,5") € C and ((¢))xs,s”) € C
for all Il > m, and | > my. In particular Gys(t;8) > s and Gapp(t;s) > s
for all t > s;, t' > sj, where G,sf is as in the proof of part i., though
Garr((t1);8) = Gaps(s) and Gurr((t)ks) — Gass(s) as [ — oo, so by the
continuity of the affine representation, G,sf(s) = s.

If s; > si, then Gurs((sk);(sj)ks) < s, by the form of Gy, the fact
that w; > wy, and the rearrangement inequality. Hence, by the continuity
of the representation, for some t > si, Guff(t;(s;)s) < s, from which

it follows that (¢;(s;)ks,s) € C. Since t;(s;)gs is a permutation of #s, it
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follows from Neutrality that (¢;s, s) € C, contradicting the maximality of s.
If s; < s, then Gorp((sk);(sj)ks) > s. By the construction of s there exists
s" < Garf((sk)j(sj)ks) and t > s;, with (s, s”) € C. Moreover, since ¢ can
be chosen such that there exists ¢’ > ¢ with (¢;s,s”) ¢ C, t can be chosen
so that (#xs, s”) ¢ K. By Neutrality, it follows that (¢;(s;)xs, s”) € C\K, so
(t;(sj)ks,s") € U, contradicting the construction of G,y and the fact that
Gapr(ti(si)rs’) = Gagp((sk);(s;)rs’) > 5.

Now consider the case where there does not exist s and s such that
(s,s) € C, s is a maximum, under >, of {s' : (s',s) € C}, and s; # s;.
Hence, for all s and s such that (s,s) € C' and s is a maximum, under
>, of {s' : (8',s) € C}, s; = s,. For any s, let § be such that: §; = s;
when i # j, k, §; = §; = max{s;, sy}. So, in the case under consideration,
for every s with s; # s; and every stakes level s, (s,s) € C' if and only if
(8,5)eC.

Hence the map ¢ : S — S"71, defined by ¢(s); = s; for i # j, k and
Y(s); = max{s;, si}, is a well-defined map sending C' to ¢(C) = C' which
is such that @Zfl(CA’) = (. Hence images of other sets in the proof of part
i., which are defined in terms of C', can be defined in terms of C' and have
the same pull-back property. It follows that the argument in the proof of
part i. goes through, yielding a representation of ¢ in terms of an affine
function Cjaf\f : R"! — R of the following form: for all s > inf @(X ):

)= U N n sy

SGX:S:G/LI_E (s) i#k

n

up to convex closure. Letting éaf\f(s) = Dlier WiSi + X, define G ;¢ : R" —

itk
R by Gurs(s) = Z#j,k Wi3i+%3j+%3k+x. Noting that, for all s € 8™ with

S; = Sk, G:J,ff(s> = G/'a;c(s|{17mn}\{k}), we have that, for all s > inf G;ff(X),
ORI U A Y

up to convex closure.

For any s with s; # s, and G/ ;(s) = s, since (s,s) € C, it fol-
lows that (8,s) € C by the specification of the case. So (), c(s;) <
M, (%) < Us,exsz%ff(s,)’ I [, ¢'(si). Hence, for all s > inf G, ;;(X),
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A(s) = USE&S:GL”(S) (i, ¢(si), up to convex closure. So there is an affine
aggregator representation with equal weights for j and k, as required.
Necessity of Neutrality is straightforward.
O

Proof for Table 6, row 3 (non-neutral mazimum aggregator). Consider G as
defined in the proof of Theorem 1. By Consensus Join, for any s,t,
G(s v t) < max{G(s),G(t)}. However, by the monotonicity of G, since
svt=st, G(svt)=max{G(s),G(t)}, so G(s v t) = max{G(s), G(t)}.
For each s > min G(X), consider t* = \/_ ;.S By the previous obser-
vation, G(t*) = s and for any s with s; > t§ for some i, G(s) > s. Since,
for any s, if s < t°, then G(s) < s by the monotonicity of G, we have that,
for all s, G(s) > s if and only if there exists ¢ with s; > t?. Hence G(s) < s
if and only if there exists s’ < s with s; < ¢ for all . Hence G(s) = s if
and only if s < t* and there is no s’ < s with s < t¥'.

Moreover, since, by the nestedness of the confidence representation,
M, c'(s;) < (), ¢(t5) for all s with G(s) < s, it follows that (), ¢'(¢{) =
Usextsae) [ €(5i) = Usexssae (i €(si). So, up to convex closure,
A(s) = M, i (E).

For i = 1,...,n, define ¢; : O — O by ¥;(0) = ((min{s € S : {(t{) =
0}). Since ( is strictly increasing and, by the confidence representation, t?
is increasing in s for all ¢, 1); is increasing for all . For any o€ O", s € S
and s € ("'(0), G(s) = s if and only if s < t* and s < t¥ for all s’ < s,
which is the case if and only if max;;(0;) = s. Hence G(¢™*(0)) is well-
defined, and G(¢7!(0)) = max; 1;(0;). Defining ® by ®o = max; 1;(0;), we
thus have that, for every o with (J,.q, _,();¢'(0;) # &, (B.1) holds with
®, up to convex closure. By a similar argument to that used in the proof
of Theorem 1, the representation extends to other o € O as required. Since
the 1; are increasing, ® is monotonic, and hence a generalized maximum

0 is a consensus preserving with

aggregator. Hence, up to convex closure, ¢
generalised maximum aggregator ® as required.
The proof of necessity of Consensus Join is straightforward.

]

Proof for Table 6, row 4 € 5 (generalised maximum & minimum aggregators).

We present the proof for the maximum aggregator; the case of the min-
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imum aggregator is similar. Consider t°, as defined in the proof of part
iii; we show that ¢; = ¢; for all j, k. For reductio, suppose that this is
not the case for some j, k, and suppose without loss of generality that
t? > t;. By Neutrality, G((t);(t;)xt®) = G(t°) = s; but since t; > t;,
it follows by the properties of G established in the proof of part iii.
that G((t3);(t3)kt®) > G(t°) = s, which is a contradiction. So t5 = #}
for all j,k and s. Hence, for v; as defined in the proof of part iv.,
1;(0) = Yr(0) = (o) for all j, k and o € O, whence ® as defined in that
proof of the proof can be written as ®o = max; ¥ (0;) = ¥ (max; o;). Hence

it is a maximum aggregator, as required.
O]

D.2 Proofs of results in Section 3

Proof of Proposition 1. By (2), the centre of ¢ is:

n
1,
argmin ®(:' (p), ..., " (p)) = arg min( Z —
peEA peEA i—1 7’L
= 1
= argmin » —
peEA ; n

For the first row of Table 4, /'(p) = w' Y __o(p(w)—p;i(w))?, so the centre
of ¢ is p = argminca D3 w' Y co(p(w) — pi(w ))2 It is well-known that
this is the mean of the distributions: the FOC is —%~ = 237"  w'(p(w) —
pi(w)) = 0 for each w € Q, yielding p(w) = Zl By wzpl( w) for every
w € ), which belongs to A.

For the second row of the Table, ¢‘(p) = w'R(p||p;), so the centre of ¢ is

p=argmind,  w'R(p|p;). Yet:
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=1 i=1  weQ p( )
_ W) 1o " pi(w)wl
_ ;Zp( ) log (H p(w)wz)
= - y w' W) 1o [, pi(w)zziw’
= (; ) L;)p( ) log )
B (i wi> — > p(w)log [Ty ngz))znlw ‘ 1 _—
=1 we) p ZWEQ H:L:l i ((JJ) 7wl
1
+ log :

ZW_GQ [Iim: pi(w) S

0 GM (p;)(w) 1

: Zw) ~ 2 ple)log (T ) g
<‘ ( p(w) ) .

I N wea | [imy pi(w) ==
= [ 2w’ | | R(IGM (p)) + log o
=20 Yivea [ Timy pi(w) ==
where GM (p;)(w) = Ly pile) i:ﬁ; . This expression is clearly min-

Sca [Ty pilw) i
imised at p = GM (p;) € A, so the centre of ¢ is GM (p;), as required.

For the third row, /(p) = w'R(p;|p), so the centre of cis p = argmin Y, w*R(p;|p).
Yet:
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S wiRpip) = —Z "3 pa(w)(log oJ)>
i=1 we) O.))
- Z Y pilw) logpi(w) = > log p(w prz
we) wel)

— Z“’ZZP@( log p;(w <Zw > (Z AM (p;)(w)log AM (p;)(w)

we

+<Zw?<2@gMWMWN4%MMMM@MM)

wes)

|
1 M:

i=1

+<iW>mmwmw>

where AM(p;) = >3, Zn s p;. This expression is clearly minimised at
p = AM(p;) € A, so the centre of ¢ is AM (p;), as required.
[

The next two results and proofs adopt the notation from Example 3.1.

Proposition D.3. Under the conditions and setup of Example 3.1, let cF4<

be the wt Euclidean confidence ranking generated by p* (with W' = wg),

E be the w reverse relative entropy confidence ranking generated by p*.
Then, for all o € O, P (o) < L. if and only if c¥*(0) < R, and
cRE(0) < L. if and only if c®F(0) = R..

Proof. 1t suffices to show that the appropriate distance (or, equivalently
t-value) between p and the closest ¢ with ¢(L) = 0.9 — € is the same as the
distance to the closest ¢’ with ¢'(R) = 0.1 + e.

Both the distance functions involved (Euclidean distance, relative en-
tropy) are functions of p*(wrr), p™(wr), p*(wn), p(wrr), P(wr), plwy); write

this function as ¢(p’(wrr),p"(wz), p¥(wn), p(wrr), p(wr), p(wy)). More
specifically, in the Euclidean case,
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o(p"(wrr), p"(wr), p"(wn), plwrr), plwr), plwy))
=(p(wrr) — pL(wLR))2 + (p(wr) — pL(wL))2 + ((p(ww) —pL(wN))
+ (1 = plwrr) — p(wr) — plwn)) = (1 = p"(wer) — p"(wr) — p*(wn)))?

2

In the relative entropy case,

o(p"(wrr), p"(wr), p" (W), plwrr), plwr), plwy))
(1 —p(wrr) — plwr) — p(wn)) )

(1 —ph(wrr) — pH(wr) — pH(wn))

(1 = P (wen) — pH(wr) — p(wn)) log (

Note that, since pL(wrr) = pE(wy),
o(p*(wer), p"(wL), p"(wn), p(wir), p(wr), p(wy)) =
¢(PL(WLR)’pL(WL)apL(WN),P(WN%P(WL),P(WLR)) for all p.

Let ¢ minimise the distance from p among all p with p(L) = 0.9 — ¢.
Le. ¢ minimises ¢(p"(wrr),p"(we), p"(Wn), ¢(wrr), ¢(wr), ¢(wn)) among
all p with p(L) = 0.9 — €. Hence, by the previous observation, ¢ minimises
P(p"(wrr), P*(wr), p"(wn), ¢(wn), ¢(wr), ¢(wer)) among all p with p(L) =
plwr) + plwrr) = 0.9 — €. Define ¢’ by ¢'(wrr) = q(wn), ¢'(wr) = q(wr),
¢'(wn) = q(wpr). By the previous observation, ¢’ minimises ¢(p”(wrr), p"(wr), p¥(wn), ¢ (WLR), ¢
among all p with p(R¢) = p(wr) + p(wy) = 0.9 — €. So ¢ minimises the
distance from p® among all p with p(R) = 0.1 + e. By the previous obser-
vation, the distance between ¢ and p” is the same as the distance between

¢ and p’, as required. H

Proof of Proposition 2. Take o = 2 (wfe? + w} (max{e — 0.81, O})2). q,
defined by q(wrr) = pl(wrr) — max{e — 0.81,0} = 0.09 — max{e —
0.81,0}, q(wr) = p“(wg) + max{e — 0.81,0} = 0.01 + max{e — 0.81,0},
qwr) = pllwr) — e = 0.81 — min{¢, 0.81} and gq(wy) = pflwy) +
min{e, 0.81} = 0.09 + min{e, 0.81} is a probability measure over Q. More-
over, 3. gy 2w (q(j) — p*(4))? = 2 (wEe? + wh (max{e — 0.81, O})z),
so q € c¥(0). Since, for any ¢’ with ¢/(L) < 0.9 — ¢, 2 j—{L.R.B)} 2wi(q'(j) —
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P (j))? > 2 (wke® + wh (max{e — 0.81,0})2), such ¢ ¢ c*(0), so (o) <
L.. For any § € [0,0.9], consider gs defined by gs(wrr) = p“(wrr) +
max{0,6 — 0.09} = 0.09 + max{0,§ — 0.09}, q(wg) = pF(wr) +
min{d, 0.09} = 0.01 + min{d, 0.09}, ¢s(wr) = p*(wr) — max{0,§ — 0.09} =
0.81 — max{0,d — 0.09} and gs(wy) = p"(wy) — min{0.09,5} = 0.09 —
min{0.09, §}; this is clearly a probability measure. Zj:{L,R,B} wa(q(; (7) —
()2 = 2 (wkd? + wh (max{0,5 —0.09})).  Noting that whe? +
wh (max{0,e — 0.09})*> < wke® + wh (max{e — 0.81,0})* if and only if
wh L ((max{0, e — 0.09})* — (max{e — 0.81,0})*) < wk —wk, it is straight-
forward to check that this is the case for all ¢ € [0,0.9] whenever

0.8wk = wéw < wk —wk. Tt follows that there exists § > € with

Zj:{L,R,B} ijL(q5(j) —p(j))? <2 (wfeQ +wj (max{e — 0.81, 0})2) = 0, 80
ck(0) € R, as required.
O

Proposition 3 is an immediate corollary of the characterisation of con-
fidence aggregation in Eq. (2) (Proposition D.1) and the observation that
the confidence ranking defined in Eq. (3) can equivalently expressed by the
implausibility function in Eq. (4). The proof of Proposition 4 is provided
in Appendix A.

D.3 Proofs of results in Section 5 and Appendix C

Proof of Proposition 6. The proof essentially follows that of Hill (2016,
Proposition 3); given the differences in setup (e.g. using strict rather than
weak preference as primitive), we include a full proof for completeness.
The implication from the representation to the axioms is straightfor-
ward. Consider the implication from the axioms to the representation,
and let (¢"?,u, D) represent >". For each f € A, let z; € A° be any
>"P_minimal element of the set of all y € A° such that, for all z € A, if
f >" x, then y >"? x. Consider any f € A. Noting, since D(x) < D(f)
for all z € A° and f € A, that max{D(f), D(z)} = D(f), it follows from
the representation of >" that u(xy) = minpecrer(p(s)) Epu(f). By repre-
sentation (9), for any y € A° with_y <"P gy f >"P y, whence f =" y
by C-Consistency. By the representation, f_}”p x ¢, whence z; > f by
Caution. Hence, by the continuity of =%, f ~dm_xf. Since this holds for
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all fe A, =% is represented by V(f) = u(zs) = mingecren(p(y) Epu(f) as

required. O

Proof of Proposition C.1. Let > be a strongly grounded variational prefer-
ence represented by the variational functional V' with w and v (Eq. (C.1)).
For each f e A\A°, let

Pr={pe A:V(f) = Epu(f) + ()}

i.e. the set of probability measures achieving the minimum in the varia-
tional representation for f. Let v = min{y(p) : p € Ps}. Let Fr = {g €

Ay =5}
Consider the set C; € A defined by:

Cr=(){peA:Eulg) > Vig)}

g€.7:f

Since it is an intersection of half-spaces, this is convex, closed set. We now

establish several properties of it.

Claim D.7. For each f e A\A°, C; # &.

Proof. Since > is strongly grounded, {p € A : y(p) = 0} # &J. For each
f e A\A°, by the variational representation, for each g € F, E,u(g) = V(g)
for each p € A with y(p) = 0. Hence C; 2 {pe A : v(p) = 0} # &, so C;

is non-empty. O
Claim D.8. For each f,ge A\A°, if vy = 7,, then C; 2 C,.

Proof. Immediate from the definition of Cy. O]
Claim D.9. For each f e A\A, minyec, Eyu(f) = V(f).

Proof. As a point of notation, let B(2) be the space of real-valued -
measurable simple functions on 2 under the sup norm; ba(f2) is the dual
space of bounded and finitely additive set functions, under the total vari-
ation norm. > is the standard ordering on B(f2), and 1 the constant
function taking value 1. Each act f € A generates a function uo f € B(),
as standard; let B(2)* be the image of A under u. For any a € B(Q)4,
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we use u '(a) € A as shorthand for an act mapped to a under u.?” We
reason using Fan’s Theorem (Fan, 1956, Theorem 13; see also the proof of
Chateauneuf (1991, Theorem 2)). It implies that, for a family {a;};e; of

elements in B(Q2) and corresponding real numbers {a;};e;, the system:
¢(aj) = Q; V] eJ (DS)

has a solution in ba(fQ) if and only if

supz Ajoy, < 400 (D.6)
j=1
when n = 1,2,3,..., kj, A\; vary under the conditions A\; > 0 for all 1 <

j<mand |37 Nay,| = 1.
To establish the claim, it suffices to show that, for f € A\A° with
ar =wuo f, there exists ¢ € ba(Q2) such that:*

olag) = V(f),  o(—ar) = =V(f),
(1) =1,  o(-1) = -1,
¢(uog) =V(g) VgeFy,
¢(a) =0 VYae B(Q)* a=0

(D.7)

Note first, by Claim D.7, C; is non-empty, so there is a solution for the
set of inequalities (D.7’), obtained from (D.7) by removing the inequality
o(~ag) =~V ()

Clearly, the supremum in (D.6) for (D.7) is equal to the maximum of
the supremum across all vectors (A1,...\,), (af, —ap, 1,—1, w0 gg,,...uo
Gkprs Gmi1s - - -5 Q) satisfying the conditions stated after (D.6) such that
A1 — A9 = 0, and the supremum across all vectors such that A\; — Ay < 0. It
suffices thus to show that each of these suprema is finite.

Consider a pair of vectors (A1,...\,), (af,—as,1,—1,% 0 gp,,...u 0

Gkps Aty - - -5 Qp) involved in the supremum (D.6) for the system (D.7),

27All statements in this proof using this notation will hold for all members of the
relevant inverse image.
28 As a point of notation, 0 is the constant function taking value 0.
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i.e. such that Aj, Ao, A3, s =0, A\; >0 for all 5 < A <n, and

Mag + Xa(—ayp) + A3l + Ag(—1) + Z (u o gry) Z Aragll =1,

j=5 k=m+1

There is clearly a one-to-one map between the subset of such vectors
with A\; — A = 0 and pairs (A\; — Ao, A3... \y), (af,1, =1, w0 gy, ... w0
Gkps Aty - - -5 Qy) involved in the supremum (D.6) for (D.7’); moreover,
the corresponding expressions in (D.6) are identical. Since, as noted above,
this set of inequalities has a solution, by Fan’s Theorem this supremum is
finite, so the supremum (D.6) for the system (D.7) over all vectors with
A1 — A9 = 0 is finite.

Now consider pairs of vectors (A, ... \,), (af, —as, 1, —1,u0 gy, ... uo
Gkps Aty - - -5 Qp) involved in the supremum (D.6) for the system (D.7),
with A\; — Ay < 0. It follows from

~1,

Aag + Xo(—arp) + A3l + Ay (—1) + Z (u o gr,) 2 Y
=5

k=m+1

that

(M= A)ap+ (A = A)L+ Y N(woge) + > Mag <1

Jj=5 k=m+1

This holds if and only if:

)\—)\—1 = = A
A —— Z Ungj)+ Z k)\lakéaf

Jj=5 k=m+1
By the concavity and monotonicity (and normalisation) of the functional
V', this implies that:

m

/\3 /\4 —1 2 )\2 )\1 gk Z

k=m+1

V(@) < V)
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Whence, since a; = 0,

M—d—1 <0 A
)<
ey *Z&—MV@” V(f)
7=5

So

MV + 2=V + 20 = A+ DAV (ai) < 1,

7j=5

and hence the supremum (D.6) for (D.7) over all vectors with Ay — Ay <0
is finite.

Hence, the supremum in (D.6) for (D.7) is finite. Thus, by Fan’s Theo-
rem, the set of equations (D.7) has a solution, i.e. there exists p € C; with
E,u(f) = V(f), as required. O

Let O = [0,sup,en 7(p)), define c(0) = (,,,-,Cs. By the definition
and the previously noted facts, ¢ is a convex, closed confidence ranking.
Define D : A — O by D(f) = 7. It remains to show that (¢, D,u)
represent > according to (10). This is immediate for constant acts, so

consider f € A\A°. By the definitions of ¢ and D, and Claims D.8 and
D.9:

min E, u = min E u
pec(D(f)) P <f) mggff{pEA:IEpu(g)ZV(g)} P (f)

= V(f)

as required. O

Proof of Proposition C.2. For the first clause, by the axiomatisation in
Maccheroni et al. (2006), it clearly suffices to show that > satisfies Weak
C-Independence and Uncertainty Aversion (see Maccheroni et al., 2006,
Section 3 for definitions).

Weak Certainty Independence Suppose that f,z >=9" g,z, for f, g €
A, z,y € A° and a € (0,1]. Then, by the representation:

min E, u > min E,u
o(D(faz)) T (/) o(D(gaw)) " (9)
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If f,g ¢ A°, then by Assumption C.1, D(f,y) = D(f,z) and D(g.y) =
D(gox) whence the previous inequality holds for D(f,y) and D(g,y), so
fay =% g,y, as required. Similar arguments establish the other cases.

Uncertainty Aversion Suppose that f ~9" g ~%™ g for x € A°. By
the representation, for every y € A° with y <% z, f =9 ¢ and g > y,
so by Assumption C.2, D(f,g) is such that minge.(p(s.q) Epu(fag) > u(y),
whence f,g >9" y. It follows from continuity of > that f,g >=9" z, as
required.

For converse implication, suppose that c is strictly increasing.

Assumption C.1 Consider f e A\A° z,y € A° and a € (0,1], and let
z € A° be such that f,z ~% 2,2 (such z exists by standard arguments).
Since >%™ satisfies Weak C-Independence, f,y ~%™ z,y. Plugging this into

representation (10), it follows that:

By Erelf) = i, Byl F)
which, given that c is strictly increasing and f ¢ A¢, can only hold if
D(f,z) = D(f.y) as required.

Assumption C.2 Consider f,ge A, a€[0,1], x € A° and 0 € O, and
suppose that f >%" z, g >%" z and minye.s () Epu(fag) < u(zx). Since vari-
ational preferences are concave, it follows that f,g >%" x, whence, by the
representation (10), minpecp(s.q)) Epu(fag) > u(zx). Since c is increasing,

it follows that o > D(f.g), as required. O

D.4 Proofs of results in Section 6

Proof of Theorem 3. Fix E and pg, and define ¢ : O — 22\(F by ¢?(0) =
{pe A:p(E) = pg(o)}. Clearly, for any confidence ranking c, c|pp = ®
for ®(0) = (c(o) N ¢?(0)) gz, whenever c(o) N ¢”(0) # & (and it is undefined
otherwise).

By Definition 6 and the definition of Fg, for every o € O such that
(Uo:@oéo ﬂz Ci(oi)) N Cp<0) # @
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Fg(ciy ..y en)|pe(o)

_ ( | ﬂa‘m) mcp(o)>E

o:®o<o 1

- U NE@)n c”(O))) )

o0:Qo<o 1

- U NE@)n c”(O))E>

o0:Qo<o 1

= Fg(cilpe, .-, a1lpr)(0)

as required. -
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