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The presence of traders with superior information leads to a positive bid-ask spread even when the
specialist is risk-neutral and makes zero expected profits. The resulting transaction prices convey
information, and the expectation of the average spread squared times volume is bounded by a
number that is independent of insider activity. The serial correlation of transaction price dif-
ferences is a function of the proportion of the spread due to adverse selection. A bid—ask spread
implies a divergence between observed returns and realizable returns. Observed returns are
approximately realizable returns plus what the uninformed anticipate losing to the insiders.

1. Introduction

The usual economic view of markets is as a place where buyers and sellers
come together and trade at a common price, the price at which supply equals
demand. Securities exchanges are often singled out as excellent examples of
markets that operate this way. In fact, however, trading on exchanges takes
place over time, and some institutional arrangements are necessary to help
match buyers and sellers whose orders arrive at different times. On exchanges
like the New York Stock Exchange, the economic function of the specialists
and the floor traders is that of middlemen: they hold the inventories that
facilitate trade when trading occurs over time. OV L PELOR L e

“The problem of matching buyers with sellers is most acute in trading shares
of small companies, where the volume of trade is relatively low. “A common
problem in this environment involves the number of insiders who trade in ‘the
shares relative to the total trading volume. Classical price theory, which has
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little to say about the dynamics of matching buyers and sellers, offers few hints
about the consequences of insider trading. It leaves unanswered such questions
as: How completely do prices reflect insider information [Fama (1970)]? How
large are insider profits? How does the specialist behave in this environment?
How might the existence of Emaon Rm&bm &8_., Eo nnzﬁp characteristics of
the stock?: . Bty

A number of researchers have examined the' %QB& behavior of a specialist
and how it leads to a bid—ask spread. The usual approach examines the
management of inventory by a monopolist specialist, concentrating on the
effect that inventory costs have on the bid—ask spread; e.g. Ohara and Oldfield
(1982), Ho and Stoll (1981), Amihud and gnum&mow (1980) and Garman
(1976).

The approach taken in this paper is based on the idea that a bid-ask spread
can be a purely informational phenomenon, occurring even when all the
specialist’s fixed and variable transactions costs (including his time, inventory
costs, etc.) are zero and when competition forces the specialist’s profit to zero.

| The core idea is that the specialist faces an adverse selection problem, since a
 customer agreeing to trade at the specialist’s ask or bid price may be trading

because he knows something that the specialist does not. In effect, then, the
specialist must recoup the losses suffered in trades with the well informed by

' gains in trades with liquidity traders. These gains are achieved by setting a
 spread. This informational source of the spread has also been suggested by
' Bagehot (1971) and formally analyzed by Copeland and Galai (1983).

In this paper, we use a formal model to show how the spread arises from
adverse selection. We analyze the determinants of the magnitude of the spread
and investigate the informational properties of the transaction prices. We then
show that, depending on how returns are measured, the information-based
spread may cause realizable returns to be overestimated relative to mun returns
that are actually available to a trader without inside information. " --

‘Some of our results are restatements and, generalizations, within the context
of our model, of results presented in Copeland and Galai (1983).- The major
goal of this paper, however, is examination of some of the dynamic properties
of the spread and transactions prices, with particular references to the question
of show specialist markets process -privately.available, information. Whereas
Copeland and Galai assume that private information s, revealed En&mﬁ@
after jeach ;trade,. we: allow there, to be -further ;trading until such time as
information is revealed resolving the Enonumcon& differences vﬂiag Emaﬂ.m
and the rest of the market. In EE s_m% é@ nmh “explicitly deal with ncmmaobm

e _EEE@ E<38Q nonmﬁ__ba s.a.ooca nova.n a n_nno profit 3&.&0
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competitive. It may be that he must compete for the right toconduct
transactions with the floor traders or with another specialist in the same $tock
at another exchange. If any explicit model of Bertrand-style price competition
among the market makers is to account for the zero profit condition, then one
must assume that no single market maker can, by refusing to trade, ever cause
a shortage of cash or securities to occur. The analogous assumption here is that
the specialist has unlimited inventories of cash and securities with which to
transact and the holding cost of these inventories is zero. 'All ‘of this is
subsumed in the assumption that the bid and ask prices at each trade are set to
yield zero profits to the specialist.! i L
The model described and presented in section 2 is wHEnﬁEda to mB_urmmﬁm
the short-term price effects that may occur just after an event that gives an
informational advantage to insiders. There is no discounting over this short
period, and much of our focus is on how information is assimilated by ‘the
market, as reflected by the changing spread. In this model, prices exhibit a
semi-strong form of efficiency: indeed, they may reflect slightly more informa-
tion than was available to the specialist at the time he set the bid and ask
prices. The explanation for this seemingly strange conclusion iliesin ‘the
observation that the specialist does not set a single price. The ask price, for
example, specifies what the price will be if the next customer is a buyer.
Consequently, the ask price can be (and at equilibrium is) set using both the
current information and the information that will @m E».nn.mm if - _&n next
customer turns out to be a buyer. s el AR
- There are five propositions established in section 2. io review EmE rmna in
terms of the interpretations we intend, but the reader should be aware that the
underlying assumptions vary slightly across the EowomEoB anmv Em
assumptions are mutually consistent. Ik BEL b .
The first of the five propositions simply asserts Em: Eo bid and mmw udnmm
straddle the price that would prevail if all traders had the same information as
the specialist. This does not call for much comment; it is EBEV. a’'mathemati-
cal affirmation of the logic of adverse selection. =7 s @ g s B
.The second proposition establishes that the prices at SE&_ n.mummnﬁoum
actually occur form a martingale. This result contradicts: the idea :that the
negative serial correlation observed in microdata is a necessary- consequence of
the existence of spreads and the vibration of transactions between the bid: and
ask prices. Negative serial correlation does arise from spreads 9& ‘cover: the
specialist’s costs or that generate expected profits. In fact, the: mnnm_ noﬂ&mnos
ooﬂn.uﬁouu Om mﬁg nEEmom can be used to mnﬁE_Ea Ea H&mﬁaﬁ E»mEEa ‘of

i
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.these - two sources 0m Em mwumma - maénmm mn_mngb and mu@oﬁwﬂ costs or
profits.: shdnipaneasdie :

: ..anomuoﬁﬁon 3 m:Sm a onE on the size om _&n m_unmma that can arise from
adverse selection. Specifically, the expected value of the squared average spread
times volume has a uniform bound (independent of the pattern of trade) that is
related to the variance of the underlying uncertainty. The proposition is proved
using the observations that the variance of the price at each trade is roughly
proportional to the squared spread, and the total variance of prices from trade
to trade is bounded by the variance of the underlying value of the security.
This proposition is less specific than one might hope, since it gives only a
bound, rather than a precise order of magnitude, for the mean spread. As the
example in section 3 makes clear, the mean spread depends on how the
informed arrivals are distributed through the trading period, so one cannot
make any headway on computing the mean spread from adverse selection
without making strong mmmEHﬁﬁoE about the E_ovmﬁdma_o arrival pattern of
insiders.

“The fourth Eoﬁoﬁﬁon is Emﬁ over time, the value expectations of the
specialist and the insiders tend to converge. This is our way of showing that
insider information tends to be fully disseminated into the market prices.

The last proposition in section 2 investigates how the spread at a given
trading date and with a given trading history responds to variations in the
parameters of the model. The results accord well with what one might expect.
Generally, ask prices increase and bid prices decrease if the insiders’ informa-
tion becomes better, or the insiders become more numerous relative to liquidity
traders, or the n_mmzozw of the Qﬁnﬁma mnqu m.na %mea om a b@E&Q
trader increases. : )

One of the interesting moﬁﬁam OH our model is that Em_.o can be occasions on
which the market shuts down. Indeed, if the insiders’ are too numerous or their
information is too good relative to the elasticity of liquidity traders’ supplies
and demands, there will be no bid and ask prices at which trading can occur
and the specialist can break even. Then, the equilibrium bid price is set so
low and the ask price so high as to preclude any trade.? A situation like this
feeds on-itself. Insiders have information that results in a wide spread that
precludes trade that prevents insiders from revealing their information through
their trading behavior. Since:trade itself czbmu information into the market,
this shutting down-of the' market may worsen.subsequent ‘adverse selection
problems and cause the next bid price to. be:lower and the next-ask price to be
higher than would otherwisé be: the ommn..ménwmnaonn ‘a ‘market, once closed,
5: stay &om& until the Emaamm go away or their information is at least partly

m some other information source.,
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it deprives them of potentially valuable information. This opens the possibility
that another way of arranging trade may exist which is Pareto superior to the
competitive specialist system. The welfare loss we have described is at least
partly due to the requirement that the specialist must break even on each trade.
Everyone could be made beter off in our example if the specialist were required
to make losses on some trades and permitted to recoup the losses on other
trades. This might be accomplished in many ways, for example by allowing the
specialist to have some monopoly power while requiring him to keep the
difference between the bid and ask prices within some range. That similar
restrictions are placed on market makers at some exchanges may not be
entirely coincidental.

In section 3, we present an example to illustrate the model of section 2. We
focus especially on how the proportion of insiders affects trading when enough
ﬁm&um occurs to allow essentially all inside information to be assimilated in
the price. We also illustrate how an excess of insider qw&bm can lead to a
partial market breakdown.

Finally, in section 4, we examine a variation of the market model in which
the uninformed traders expect a fixed positive return. The existence of a spread
implies that, over any period, measured returns based on transactions prices
tend to overstate the actual returns realizable by a liquidity trader. The reason
for this is that the initial price, which may be either a bid or ask price, is on
average lower than the ask price which the liquidity trader must pay. m.rmbmm_‘._%
the final price over the relevant period is on average higher than the bid price
which the liquidity trader could expect to receive. We show that the measured
return over a ‘normal holding period’ is approximately a bo_.EE HmEB Ecm a
return available only to insiders.

."Thus, the bid—ask spread arising from adverse selection @HoSamm a @Omm_Ea
route to explaining the small firm effect [Banz (1981)] and the &ﬁoﬂ.& firm
effect [Arbel and Strebel (1981)]. The evidence suggests that much of the excess
returns on small firm investments occur in January. If the annual report for
small firms tend to contain considerable new information and if insiders have
amlw access to that information, then our analysis would predict:that spreads
are especially large in the period before the report is made ﬁ:.c:o and
presumably ‘after the end of the firm’s fiscal year. This combined ‘witha

“required rate of return’ assumption will lead to large measured returns‘but

‘‘normal ‘realizable returns. These returns should be observed in January “for

mH.Em whose fiscal years SEQam é_m_ .ﬂ.ﬁ nm,uonaﬁ.‘ u.mm.q w.:: in oﬁ_u.ww Nmumwm %n

,.onn__._._.m the. mnmn few ‘days. oh HMEE before Emanum _Emwﬁ be’ ﬂnnmﬁn

ormation. Also, Blume and Stambaugh do not measure a Jarger bias for Hmm% . wéwu

consistent with a mﬁﬂonﬁ.w w__u_.nwﬁr _uE is =oﬂ umonwmmbq “inconsistent wi our
m...ovoﬂuonNm:mmnuG e e
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We offer :some concluding remarks E& Jindicate vommgog&nwnﬁoa for
p@&ﬂObE research in section 5. < sy <havt spwoorrn

2. The basic E.x_mm

The market that we are anompam is'a muE.n an&nHme Bmawﬂ Le., :un
specialist performs no brokerage services, and in effect all orders are BE.WQ
_o&ﬂ.m.. Trade occurs according to the following sequence of events. The
specialist sets a bid and ask price with the interpretation that he is willing to
sell one unit of stock at the ask and buy one unit of stock at the bid. An
investor arrives at the market and is informed of the bid and ask at which time
he is free to buy one unit at the ask or sell one unit at the bid or leave. The
specialist is free to (and in general will) change the bid and ask at any time
after an arriving investor has made a decision and before the next arrival of an
investor. That is, if an arriving order leads to a trade, the trade takes place at
the quoted bid or ask. After the trade, the specialist may revise the bid and ask.
The primary differences between the above description and the operation of
the stock market are the limitation on the types of orders considered and the
restriction to unit trades. In practice, an investor can submit a limit order and,
by so doing, in effect compete directly with the specialist. To the extent that
limit orders represent competition with the specialist, our assumption that the
%.E and ask are set competitively implicitly -includes the possibility that
investors can submit limit orders. However, there is a difference between limit
orders and the quotes of the specialist in that limit orders typically have a
prespecified lifetime (if unexecuted), whereas the specialist can change his bid
and ask relatively freely. This fact implies that inclusion of limit orders may
well alter the characteristics of transaction prices. We have not included limit
orders because such a model should include investors optimally choosing the
type of order to submit, and such detailed aomnnvcon of E&San& behavior is
beyond the scope of this paper..” : . oa
- The assumption that only unit trades E_R Emoo is H@manoﬁ:.n @E it ﬁaEm a
Ton.omﬁouaﬁm benefit: It allows us to analyze a model that places no restric-
tions on .the form of the traders’ information. Of course, on :the NYSE
specialist quotes are valid for a specified number of units, and typically, the
quotes . are for oEw one unit ' (typically -100 ;shares)..-What . we rule out is
the specialist revising his ‘quote. for some. oEaH -requested quantity.-However,
It ‘the @.ﬁ Emﬁ we u_: _.o_mﬁéq mnﬂ Hamﬁnzoum on the arrival’ ?.oo&w 0m Qmmna

o o@&vﬂ:ﬂﬁcﬂ& s.nuﬁ involve modeling’ the cash. moﬂ.m from’ En uonchﬂ%munurﬁ CO!
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informational advantage — just after an earnings announcement, for example.
At that time, there will be agreement on the value of the firm and  'the
informational differences between insiders and outsiders will be minimal. The
informed may receive information about occurrences after time T, but ‘this
information will be public information at time 7;,. This specification implies
that there will be no informational asymmetries at time T;, and hence it is
meaningful to specify, exogeneously, the random value, ¥, which Hnﬁnmmoﬁm the
consensus value of the stock given all public information.* b
The informed receive information and place their orders. We do not E_m oE
the possibility that any one informed investor may decide to submit several
orders, each for a unit amount. The informed trader may be speculating based
on private information or superior analysis, or he may simply have a ‘liquidity’
reason for trading, but in any event, his decision to buy, sell or leave is based
on his information. We will refer to the informed traders as insiders though
other interpretations are possible, for example, they may merely be individuals
who are particularly skillful in processing public information. 1
To motivate the active participation of the uninformed traders in a Boan_
where everyone is rational, there must be some disparity of preferences or
‘endownments across individuals. This disparity may arise from predictable life
cycle needs or from less predictable events such as job promotions or unem-
ployment, deaths or disabilities, or myriad other causes. We have chosen to-
suppress the details of the uninformed traders’ motives from our formal model.
Instead, we simply assign to each a time preference parameter which, together
with his expectations, determines how much a trader is willing to pay mo buy
and to accept to sell a single unit of the stock. Specifically, all wmhnn.ﬁmﬂm,
informed, uninformed and the specialist, are risk-neutral. Each ﬁmnﬁﬂ@mﬁ
assigns random :EHQ to shares of stock, x, and current consumption, ¢, as
pxV + ¢, where p is a parameter of the individual investor’s utility function
representing his personal trade-off between current and future ooE:Eunou
derived from ownership of the asset. For the specialist, we take p = -1; this is
just a normalization.. Generally, a high p indicates a desire to invest for the
future; a low p indicates a desire for current consumption. This JﬁE&Q
parameter’ could be the result of imperfect access to capital markets or it could
represent differential subjective assessments of the distribution of the random
variable V. The risk neutrality mmwsEvnou implies that in order for there to be
trade, there must be some variation in p across market ﬁﬁnsvmba‘ “for
oEﬂ.ﬁma En ‘no trade theorem’ of Milgrom and Stokey ﬁomm_v E%Ewm Emn,

.l-m._ o &

“4°This formulation is m.n ‘usual ‘one in En Bcon& nuﬁnnﬁacnm Eon_nw on a sing
example, Grossman '(1976)] and the proofs of our results use. this formulation. »Pw

decisions o» 54385 over mﬂ EmEﬁ wonhom. 2 e
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random variable independent of ¥ and any information about ¥ and indepen-
dent across traders. We allow the possibility that p HE@E follow a Emﬂmuﬁ
distribution for the informed and the uninformed. :

“We assume that investors arrive one by one, randomly and EpouuaaoamG at
the specialist’s post. For most of our analysis, the only restriction that we place
on the arrival process is that there be only one arrival at any instant. Thus, the
arrival process may depend on the history of trade. For example, the level of
insider activity, and hence the nature of the arrival process might be a function
of how much information has been made public relative to the information
known by the insiders. All we require is that the specialist knows the prob-
abilistic structure of the arrival process. For example, in response to private
signals, there may be a bunching of insider orders (as seen by an omniscient
observer). Our assumption that the specialist knows the probabilistic structure
implies that he makes correct statistical inferences from observed data.

Investors, upon arriving at the market and hearing the bid and ask, maxi-
mize expected utility given their information to date. For uninformed inves-
tors, this information consists of all past transaction prices, the current bid and
ask as well as any publicly available information. The informed also have
access to the previous transaction price sequence, the current bid and ask, and
all public announcements, but in addition they have been able to see some
private signal. Formally, let H, denote the information available publicly up to
-clock time ¢. If an uninformed investor arrives at time #, then his information,
upon arrival, is H, joined with the information generated by the quoted bid
and ask. If an arrival at time ¢ is informed, then his information includes both
his private information, J., and the public information, H,, and the informa-
tion generated by the quoted bid and ask.’ By including the specification of
who is informed in the sample space, we can generally represent the informa-
tion of an arrival at time ¢ by F, a Hmmuﬂuna of H, i?o_u includes En
information conveyed by the quoted bid and ask.

Putting the utility functions and information structures ﬁomﬂwﬁ‘ Ea optimal
decision of an investor arriving at time #, given bid B and ask 4 is given by

N PmT\_E PGlSEEE.\:& E+pqm?_m:; E
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Given the above behavior of the market participants, the specialist chooses
bid and ask prices. Let the information available to the specialist at time ¢ be
represented by S,: Assuming anonymity, the specialist cannot know when the
bid and ask prices are set whether the next customer will be an insider or an
outsider. Given the investors’ behavior, the information available to the
specialist at time ¢, S,, and bid and ask prices B and 4, the specialist’s
expected profit from an arrival at time ¢ is

E[(4-V)I(z» 0+ (V=B) Iz, 5)S], (2)

where /7 . 4 and I 7 .5 are, respectively, the indicator functions of the
events {Z,> A} and mN < B}, ie, bmvb is one if the event {Z,> A}
occurs; otherwise it is zero. The expression, (2), may be rewritten as

A.\A - m_”“\_rw: N-Vk_vWﬁqukk_,wL
—(B-E[VIS,, Z,< B])P{Z,< BIS,}, (3)

where E[-|-] is the (conditional) expectation operator derived from the
probability measure P.

The above holds as long as there are zero costs associated with all short
positions in cash or stock. Our central assumption about the specialist is that
he earns zero expected profits on each purchase and each sale, and he faces no
transaction costs. To illustrate how competition might lead to such a descrip-
tion, suppose there are two specialists in this one stock. Both have the same
information and face the same population. Suppose the first specialist sets an
ask price A" so that 4' > E[V|S,, Z,> A']. The second specialist will rationally
undercut the first by choosing an mmw A? < A' and A*=> E[V|S,. Z,> \Am“_ The
zero expected profit equilibrium at time ¢ (if it exists) consists om a EE.EH
functions A, and B, satisfying

h.ASu“m\T\_MZN“V\rAEv:EY
B(«)=E[VIS,. Z < B(0)](«),

where Z,= p,E[V'|F,] and 4, and B, are measurable sﬁw Hnmwana 8 'F, ?o Em

customer knows the bid mba ask vnommv .
General existence of such functions would be difficult to mwoi mEmn it

E<o~<mm a ‘rational expectations’ type of fixed point condition. ;n “definition

is not <mn=o:mv however, as the following examples show. If the mnoﬂw@mﬁ §

Emo_uumcouu .m.: is a finer nmacon than the Emonbmcon of the Emonunm.

\r and B, will coE be equal to_the conditional mean of V. m%ou mpn

A 4

S .Emouamﬁob m__. ﬁ. ou Em oﬁﬁn EEP Em munﬂam.,,m Emonbmﬁon S ne 2
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the publicly available information H,, then 4,

ubam_wmmm?mng
A=int(aia> E[VIH, Z,>a]},
B H . [ TREITET Ah\v
B,=sup{b:b<E[V|H,, Z,<b]}.

Our notion of equilibrium requires that the specialist not regret, ex post, any
trade that he is obliged to make. For example, suppose that an investor arrives
at time ¢ and buys at the ask. After the trade, the information available to the
specialist is S, and the event that Z, exceeded the ask. The specialist will
update his expectation of ¥ given this new bit of information, the probability
that the trader was informed (given the past history) and the likelihood of a
purchase given that he is informed. As long as the amount the specialist
received was greater than or equal to this revised expectation, he does not
regret the trade. Thus, the ask defined above is a reservation price. We assume
that (unmodelled) competition drives the quoted ask to this reservation level.

This discussion of the equilibrium highlights an important interpretation of
the bid and ask. The ask price is what the revised expectation of ¥ will be if
the specialist sells, and the bid is what the revised expectation will be if the
specialist buys. Thus, once the bid and ask prices are specified, not only do we
know that the possible transaction prices are, but we also know what the
possible revised expectations of ¥ are. S e

To insure that the customer’s decision rule is formally well defined, and to
illustrate the source of the spread, we must prove that at all times the ask
exceeds the bid and, if insider trading actually occurs — or more precisely if it
could occur — that the expectation of ¥ lies strictly between the bid and ask.
This proof and a later one rely on these two related facts from probability
theory: (i) E[X| X > a] > E[ X] with a strict inequality when 0 < P{ X >4} <1,
and (ii) E[ X|X > ¢] is non-decreasing in a, being strictly increasing on any
interval in the support of X. FhA T SR S TR

Henceforth, we shall use E, to denote conditional expectations given the
common knowledge at time ¢, ie, E[-]=E[-|S,A H,] where the ‘meet’
S, A H, denotes the events which are in both S, and H,. N otice that A, =E [A ]
and B, = E,[B,], since the bid and ask prices are common knowledge at time 1.
Also, our informal assumptions about p, (that it conveys no information about
¥ nor about an informed trader’s opinions) can be adequately formalized by

~ the T;are stopping times relative to {S;"} and { 4, 1, and henc
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expected profit conditions:

«Ahﬂm_ﬂw\_.w:N"V\An._, : E f1i

B,=E[V]S,, Z,<B,].

Then the ask price is greater and the bid price is less than the expectation &w v
A, = E [V]= B,. The inequalities are strict if adverse selection is possible, i.e., if

P{Z>E[VLEI[VIE]>E[V]} >0,
P{Z,<E[V]EI[VIE]<E[V]}>0.

Proof. We prove only the first inequality, since the proof of the second is
similar. Also, for brevity, we omit the time subscripts. Let C be the event that
the customer makes a purchase, i.e., the event that Z is greater than A,

C={Z>A4}={E[V|F]>A/p}.
Then, by definition, 4 = E[V'|S, C] so
A =E[4|C]=E[E[V]S,C]|C] = E[V|C] = E[E[VIC, p]IC]
= E[E[E[V|F, C, p]IC, p]|C] = E[E[E[V|F, p]IC. p]IC]
=E[E[E[V|F]|C,p]IC] = E[E[E[V|F]Ip]IC]

=E[E[V]|C] =E[V].

If the additional condition stated in the proposition holds, then the Eoncmbq
is strict. Q.E.D. :

To stress again an interpretation of the bid and ask, it should dw.uoﬁ& that
in proving the reasonable proposition that the ask exceeds the w.av we have
proved that it is necessarily the case that expectations of V" are nwsmmak?.qm..qm
in response to specialist sales, and revised downward in response to mﬁnﬁmbﬂ
purchases. This is so, because the ask and bid are the revised mmwnnﬂmmonm o
the respective cases, and we have assumed that transaction prices m_.m.mccwo
information. ‘ . fnge i
-«Define H,;" and -S;" to be, respectively, the information E..,..EH.mEm._.ﬁmm yﬁm
uninformed and the specialist just after a trade at time £. These information.
sets include information about whether a trader has arrived at-time ; ether
he bought or sold, and the price at which trade OnoEHma, g iy
Let T, be the times at which trades occur.:The above discus
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S, 'and H, by S, = S7, and H, = Hy.. (Also, any process subscripted with a k
will be understood to be the value of the process at time 7.) If the kth trade
' takes place at the ask at time ¢, i..e, there is an arrival at time ¢ and Z, exceeds
' A, then the transaction price will be the ask price, which in this event is equal
to the revised expectation of ¥ given this event. Similarly, if there is a trade at
the bid, the transaction price is the bid price which in this case is also the
revised expectation of V given this (different) event. Mathematically, the
transaction price is given by 4,1z, > 4,3+ Bil(z, < ) This is, by definition,
| equal to .

,
m.T\rm.ﬁx Zp > An  Lizy >4t E[V|Sr, Zry < mﬁLbNQ <Br)
(5)

But (5) is just E[¥|S7,]= E[V'|S,]. This observation allows us to write the kth
transaction price as p, = E[V|S,], as long as k trades take place (i.e., as long
as T, is less than T,). Thus, if N trades actually take place, then p,,..., py are
' the prices at which trades occur. Notice, however, that py,, is also well
" defined, and represents some intermediate value between the bid and ask prices
at the end of the trading period. If one thinks in terms of computing returns
based on daily data, this use of an imaginary transactions price is not far from
the way CRSP calculations are done for days in which there is no trade. The
specification of H,” from the preceding paragraph implies that p, is measura-
ble with respect to H, which allows us to prove the following proposition:

Proposition 2. The sequence of transaction prices { px} forms a martingale
relative to the specialist’s information, {S,), and the public information, { H, }.

Proof. From (5), p,= E[V]|S,]. Thus,

Bl Pl = E[EVISc IS ] = EVIS = s

mEnn mw..n E oo Swnng E .m. »vmba mEon. »u » _m wﬁ.&ﬁmgm 2_& nmwumoﬂ to H > the

sequence of transaction prices { py} forms a martingale relative to { H,} as

ﬂnﬁ.\w»b.m.u..w.wm.ﬁ aHpaLIIEE fan

21 This ‘result is_slightly stronger than the usual statement of the semistrong
form of the efficient markets hypothesis = prices forma martingale relative to
all''public -information”and ' the sinformation’ known to" the ‘specialist. The
‘assumed competition among equally informed specialists implies that there are
nolprofopportuniies aisng from the nfor
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specialist and all outsiders agree on the expected value of V, since E[V|p,]=
E[VIE[V|S,]] = E[VIS,]- e

Another implication of Proposition 2 is that, in the environment that we
have described, first differences of the transaction price process will be serially
uncorrelated. This follows from the fact that the increments of a martingale are
uncorrelated. Thus, spreads due only to adverse selection are qualitatively
different from spreads due to specialist transactions costs, risk aversion or
monopoly power. The latter sources of spread lead to negative serial correla-
tion, while spreads due solely to adverse selection do not.

Further intuition into the nature of this result can be gained by considering
an environment in which there is both asymmetric information and specialist
transaction costs. Specifically, suppose every trade costs the specialist ¢ dollars.
The zero profit equilibrium bid and ask then satisfy

A=E[V|S,, Z,> 4] +c,
B=E[V]S,, Z,<B]—c.

Following the development above [in (5)], transaction prices are then given
by p.=E[V|S,]+ Q,c where Q, is one if the kth transaction involved the
specialist selling at the ask, and is minus one if the specialist purchased at the
bid. Under the assumption that E[Q, . ,|H,]= E[Q|H,] for all t < T} where T,
is the time of the kth transaction, it is easy to show that transaction price
changes will exhibit negative serial correlation. :

To indicate how the negative serial correlation depends upon the relative
magnitudes of the spread due to adverse selection and the spread due to the
costs of transacting, suppose that the probabilities of a buy and a sell are equal
so that E[Q,|H,]= 0 for ¢ < T}. Let ¥ be the part of the spread due to adverse
selection, ‘ Sk

_ ¥=E[V|S,, Z,> A] - E[VS,, Z,< B];

hence the total spread is ¥ + 2c. Some straightforward calculations show that
the covariance of adjacent price changes is given by: — 3c¥— ¢ The
calculation is similar to the one in Roll (1984). We obtain a different m.mm..m:
because Roll implicitly assumies that no part of the spread is due to adverse
selection. If, as here, the spread is due in part to adverse selection, then.a.
m_ﬂgmhmm.wonmo_ﬂ example, leads 'to an-upward revision of ‘expections ‘and

e O Yk iveel s = i » i ¥ meil i iy S £Y 2 B TR
nce future’ are ot indepéndent, of the current transaction “as Roll.
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The variance of the price change is given by the following: 62+ (¥/2)*+
c¥ + 2¢?, where 6 is the variance of public information arriving exogenously
between trades.® Let 8 be the proportion of the spread due to transaction
costs; i.e, B=2¢/(¥ + an Then the ooﬂn_maou coefficient, R, is given E\ the
following:

wulm\ﬁfm.Ny . i e (6)

where 8 =1+ (20/(¥ + 2¢))% The correlation coefficient thus moves toward
zero if the proportion of the spread due to informational asymmetries in-
creases. We can invert (6) to get the proportional of the spread due to trading
costs as a function of the correlation coefficient and & (a measure of how much
public information arrives relative to the spread),

B=(-1+(1-48R?)"?)/2R. (7)

Unfortunately, (7) alone does not define a useful statistic since in general §
will not be known. It does suggest the possibility that transaction data might
be used to find a measure of informational assymetry. - - .

In the introduction, we described the theoretical possibility that markets
might close down entirely, with the bid price being set so low and the ask price
so high as to discourage any trade. This problem is identical to the famous
lemons problem of Akerlof (1970), in which adverse selection can destroy the
market. For the next proposition to make sense, it must also be possible for
markets to function well without suffering such a g.m&aosﬁ The conditions
that determine the ?bocoEum of markets anmﬂa in part on the supply and
demand elasticities of uninformed :‘mmmnm The expected demand s&g the ask
price is 4 and the common knowledge value expectation is E is given by
1 — G(A/E), where G is the distribution function for an uninformed trader’s
Unmmmzw:am vamBQQ. p. Similarly, the expected uninformed supply at a bid
price of B is G(B/E). If uninformed demand and supply is inelastic, then the
closing of markets due to adverse selection can never occur. To prove this, it
suffices to note that as 4 is. raised, the ou@noﬂma _om_mnm suffered by the mﬁan:%mﬂ
8 5& Emomana aoo_.Em mba mv?.omnr zero, ﬂ&bm his mxcoﬁom ?.oma mnoE Eo

At IRikd FEE S IV vl 1

s ﬁsm»w sl 5
mdun variance. n&o&.pnon is mnooEmE_unn_ S., S&nm th

w208 A00

L‘ ﬁwh\.im;rﬁ... £
E oxhnnEﬂoE between En

EF

»E Rman and the (k+ T)st trade into the n__ubmn in expectations as a result’ ‘of public information
arriving between the fwo trades ‘and the information contained in'the (A £1)st trade and noting
that these are uncorrelated, The change jmr expectations's squared ds:arresult of the Qﬂ # Vst trade is

]

NEQEE

G Pomoﬁmﬁm s.:w 5&9 mbn_ the wvoﬂmwm« earns a zero nnom» on w<nnmmm :
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uninformed are positive and rising. Hence, the specialist’s total profits from
selling must be positive for some finite 4. A symmetric argument applies to the
bid price B.

We now turn our attention to the properties of the bid and ask prices s&g
trading does not break down. Imagine performing the following experiment.
m<oQ time there is a transaction, record the bid and ask that prevailed just
prior to the trade. Do this for a unit of time, and denote the number of trades
observed by N. The following proposition shows that if trade is reasonably
balanced (i.e., the probability of a purchase given that a trade occurred is
bounded away from zero and one) then the expectation of the number of
trades times the average spread squared is bounded by a number that is
independent of the pattern of trade.’

Proposition 3. Define
1/v.=P{Z, > 4,1S7, }P{ Z, < B\S7, }s

and let yv* be the mean value of v, over the N + 1 observations; i.e., y*=

M2+H<w\ﬁ2+ 1) (if N+1 trades do not occur prior to Ty, put <2+Hlé
Further, define ¥ to be the average spread over N trades, i.e.,

N
ﬁzumﬁkklm»v\z.

Then,

E[(N/(N +1))¥iN/v*] <var(V).
In particular, if there is a number ¥ such that P{y* <y}=1, then

E[(N/(N +1)) N¥Z] < var(V)y, s

sl o8
and hence, if N is almost surely positive, the expected value of the %_gsm times
average spread squared is bounded by a number that is independent &n the ﬁn:mw:
of trade, :

?,H‘L MNEQ\:

5 G
qﬂ,o nnnEba 'the nnmann Eﬁ we are noEBEm to an nbshouu_ma in #.Eo_p En—.mv
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exceeds the variance of py,,. Taking p, to be E[V], we have

S

(N1 . N+1 2
var( py.i)=varl Y (pp=pi-1)|=E|| L (Pe—Pe-r)

Lo [N+

—El Y (pe-pec)’

‘ N+1k-1
+2E| 2 X (pe—Pe-)(Pr—pio1)
ki

=]
2
=E| 2 (pr—Pr-1) I1<my 2

oo k—1
+2E[ 2 X ::ﬂIﬁwLVAPlhTLb»LME

Since the transaction price sequence forms a square integrable martingale, we
can move the expectation inside the summation in each case. In the second
term, condition first on H,_,. Since the increments of a martingale are
uncorrelated and have mean zero, the second expectation is zero.

Define e, by

. 2
€= m—ﬁﬁwlﬁwlb |Hy_1, Ay By, .«L .
dEm. we have
N+1

<m.ﬁc\.v >E|l Y e,

Some algebraic Emnmﬁ:_mao.n shows that e, > (4, — B,)*/v, (see footnote 6),
and hence for any N,

: |

".m,_., m....rMU.Amw.?v - N..MU..TA»,INL S ApRG 2 R
ww‘m—mﬁmﬂn@w

Schva inequali 3. e G AT LAV 1), and

yegial i gu-biisd vaoia:
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If v¥<vy a.s., then
E[(N/(N+1)N¥2] < var(V)y.

If N is positive as., then N/(N+1) is greater than or equal to 3, so
E[N¥2]<2var(V)y. QED.

Since the bound in Proposition 3 is independent of the pattern of trade
(given that N is a.s. at least one and y* <) the proposition suggests a relation
between average volume and average spread. Loosely speaking, markets in
which there is, on average, large volume will have small average spreads and
vice versa. This is consistent with the usual explanation of the relation between
spreads and volume which focuses on the specialist’s need to recoup fixed costs
from the market participants. However, the fixed cost explanation implies that
the average spread will be proportional to one over average volume, while
proposition 3 suggests that the average spread will be proportional to one over
the root of average volume.

It should be clear from the above proof, that the conclusion of the proposi-
tion is true when N is some deterministic number of trades. In this case, the
proposition states that the average spread squared tends to decline for large N.
Indeed, if Ty, is very large relative to the interarrival times of traders, so that N
can be very large, the proposition implies that the spread will go to zero a.s.

Within our model, the fact that spreads decline with the number of trades
reflects the assimilation by the market of the insiders’ information. This leads
eventually (if there are sufficiently many trades) to an approximate consensus
expectation of value (V) in the market. Proposition 4 offers a formal statement
of that tendency toward consensus.

Proposition 4. If trade is reasonably balanced in the sense of Proposition 3, ie.,
the probability of a purchase is bounded away from zero and one, then the
expectations of the specialist and the traders converge as the number of trades
increases, i.e., E[V|S,]— E[V|F,] converges to zero in probability (where F is
the information of the kth trader to arrive).

Proof. We use the notation and results of Proposition 1 mua%ommnma&mmna
from probability theory cited earlier. The suppressed time subscript is now
. A=E[VIC]=E[E[V|F,p]C] = E[E[V|F]E[V|F]>4/p]:

SE[EV|FIEVIF]>EV)/el

i 15318 £1 3

Define D by a7l boiic
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Then,

A-E[V]= E[D|D>E[V](1 - 3\&

By the Chebyshev Eman&:w.
E[DID>E[V](1-p)/p] 2eP{D=elD>E[V](1-p)/p)

=P{D>¢}e.
By Propositions 1 and 3, 4,—E [V] converges almost surely to zero, so
P{D,> e} must also converge to zero for all positive &. A similar ﬁmchE
using bid prices shows that P{ D, < —¢} goes to zero. Thus, E VI ]—=E V]
converges in probability to zero. Also, E,[V|S,]=E,[V] (both are equal to 4,
if the customer buys and B, if he sells). Q.E.D.

As the consensus described in Proposition 4 emerges, there comes to be a
balance between expected supply and expected demand:

Corollary 1.

The specialist’s inventory of stocks tends to a driftless stochastic
process; i.e., )

IimP{Z, < m_»_.m.L —P{Z,>A,|H,}=0.

Proof. CmEm the results of the Proposition 4, let p @m the limit of m.:\_.w ]
and let Z = pp. Then,

im(P{ Z, < B|H,)} — P(Z, > 4,|H}) = P(Z <pI§} —P(Z > p|$)
‘ _ |£nA: P{p>1}=0,

where $ Hm ‘the mﬁoﬂmwmﬂ J EE»EW information. O E. U

That the specialist’s inventory will not anb on mﬁu.mmm is oEw HEm in En
limit. Hc see why inventories might drift, suppose that the insiders may have
early . access to information about a takeover manE which would cm favorable
for stockholders of the firm, but is generally considered unlikely to transpire.
There is then mu asymmetry in_the adverse selection problem faced by the
specialist; ‘active ‘buying by’ Emama n.:mE ‘be’ considered | n::n “informative
while active selling would convey mmmm EmowB»coF In this case, the ask price
might include a premium (over the share’s nxﬁwmﬁ.o.m 5&:& 'that is larger than
the oon.nmvon&um discount in the bid price. An’ Qﬁnﬁaa inventory accumula-

- tion E_mE nnmcz (The fact that Eﬂ.n may be an 5<88Q wEE.Eu _m rﬂm&w .

an artifact of our assumption of risk neutrality on the part:of.

it
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Ho and Stoll (1981) and Ohara and Oldfield (1982) have demonstrated a’
risk-averse specialist will adjust the level and /or the magnitude of the spread
to avoid inventory build-ups. The corollary indicates that the accumulation of
inventory will not be too extreme even in the risk-neutral case because
eventually, supply and demand will be approximately equal.

We now turn to our analysis of the determinants of the size of the m@aam&
For this analysis, it is useful to distinguish sharply between E.maonm and
liquidity traders, so we assume that insiders have no liquidity motive (p=1).
We also assume that the specialist has only public information; i.e., S,=H,.
Proposition 5 provides proof of results also reported in Copeland and Galai
(1983, p. 1463).

Proposition 5. For any given time t, the ask price A, increases and the bid ﬁ:nm
B, decreases when, other things being equal,

(i) the insiders’s information at time t becomes better (i.e., finer),

(ii) the ratio of informed to uninformed arrival rates at t is increased, or
(iii) the elasticity of uninformed supply and demand at time t increases.

Proof. If there is an arrival at time £, we can express the reservation vmnn. Nk
by ;
N = AH - Qv..m.:.\_m? .\”_ + anm_”w_.qu

where [as in (1) above] U, is one if an arrival at ¢ is uninformed and Nnao
otherwise, and J, is the information of an insider if an insider arrives at ¢ (for
the succeeding discussion, time subscripts have been dropped to simplify the
notation). Define M by M = E[V|J] where J is the information set of an
arriving insider, and let G be the distribution function of the liquidity
parameter (and let g be its density). Denote demand and supply elasticities of
the uninformed by e, and eg. Then e, and e are given by

ep=Ag(4/E[V])/E[V](1 - G(4/E[V])),
mmﬁm\m?c\mﬁiﬂm\m?c

WoommEm EoB T_mv_ that 4 and B, the mmw and ca are the mBm._Hm% a Eum,
largest b satisfying o

a v m:\_wv &

am m:\_NA b],

EaP mom mmw ﬁ:om A Ba ca unnn B,

P mﬂwv& m_ﬁuv&_wo

\:rja.ﬂ.mvém ke, sz,.. |

Eﬁhs_ m..meA w 2
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_ The left sides can be Q@mbmnn to

B[ = U)(A~ M)y 1y + UAG(A/ELV ) (A/EV] 1) ]
B

4._.\ [~ U)(M " B) <5y + UBS(B/ELVT)(1 - B/E[V]) /eo]
| __.wmz.@._@_?a_. _

The functions ¢( -) and ¢(-) are concave in M and increasing in U. Also,
¢( -) is decreasing in ey, and ¢( - ) is decreasing in eg.
. For (i), let A’ and B’ be the ask and bid prices associated with insider
information J’ and define M’ by M’ = E[V|J’] where J’ is finer than J. For
(ii), let A” and B” be the ask and bid prices when the arrival of uninformed is
governed by U”, where U”(w) < U(w). For (i), let A" and B"” be the ask
and bid prices when the demand and supply elasticities are ey’ and eg”
. respectively with e/ > e, for i =D, S.
W -If J' is finer than J, then M = E[M’|J]. This and Jensen’s inequality allow
| us to conclude:

E[¢(4,U, M,ep)] = E[¢(4,U, M, ep)].
Since ¢ is increasing in U, and U” < U,
- E[¢(4",U, M, ep)]| 2 E[¢(4",U", M, ep)].
Emo.. since ¢ wm..a,.owu.mmmgm in ep,

w mEms,q.Eau:wm_imﬁq.?mm\:.
[Similar inequalities hold for the mmnmmo.n ¥ (- ).] By the definitions of A4’, 4"
wum "A™. ‘the ‘right-hand :sides’ are  all ‘non-negative. But, A =
ﬁmﬁa._mﬁ.@.ﬁnw U, M,ep)]=20}, so A, A” and A" all exceed A. The same
argument will prove the corresponding bid inequalities.* Q.E.D. " o

£ ‘Intuitively, the adverse selection problem is worse the greater the fraction of
informed traders and the better their information. The specialist is forced to
set a higher spread if there are more informed or:if they have better informa-
tion, in order to avoid losses. On the other hand, the greater the desire of the
uninformed to trade (measured by the'elasticities), the €asier s the specialist
.able to make back his losses'to’informed 'traders. The zero-profit, condition
then results in"a ‘smaller spread. I & s it o uma Ul a0

have preference parameters p = L. Liquidity traders have only public'infon
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Alternatively, Proposition 5 can be interpreted as an analysis of the determi-
nants of the specialist’s updating of his expectations. That the spread is small
when the probability that the nmext arrival is informed is small implies that
when this probability is small, updated expectations in response to trade will
differ only slightly from the prior expectations. Similarly, when uninformed
demand and supply is very inelastic, trade leads to relatively small revisions in
expectations. : ;

This proposition also suggests a lagged statistical relation between volume
and the spread. Specifically, suppose the level of insider activity is positively
related to volume. When the specialist sees unexpectedly high volume, he will
revise upward his estimate of the probability of an insider arrival and increase
the spread accordingly. Thus, this proposition would suggest a positive correla-
tion between past volume and current spread. .

It is easy to make the mistake of interpreting Proposition 5 as a comparative
equilibrium result. What the proposition says is that other things equal,
including the past history of trade, certain changes have determinate effects on
the size of the spread. Since the history of trade after the time when insiders
gain their information is endogenous and depends on the same parameters as
those studied in the proposition, the proposition has a comparative equilibrium
interpretation only for the time just after the insiders have become informed.
For example, an increase in the frequency of insider arrivals has the immediate
effect of increasimg the spread. However, as long as trade continues, the
increase in insider activity means more information will be conveyed by
transaction prices. This in turn may mean that spreads in the future will be
smaller because the informational differences between insiders and outsiders
will be decreased. This intuition is indicated in the proof of Proposition 3.
Recall that there we showed that the expected average spread squared times
the volume is bounded by a number that is independent of the level of insider
activity. Thus, if spreads increase now, they must be reduced later on as long
as there is sufficient trading activity. We pursue this intuition in the following
examples.

3. An QE:G_@.

To illustrate the theory of section 2, we present two simple examples. The
examples show how bid and ask prices are determined, how the proportion of
insiders affects the spread and the informativeness of prices, and how market
breakdown can decur . - T RE S s et S Gl e AR

Suppose that the stock can have either of two values, ¥'=1or V=11, and
that ‘the higher ‘value has ‘prior probability . The expectation of ‘Viis ‘then’
E=11n + ..__.G.ul ﬂv. ; ; S ww.am =

- Insiders

L AL S

in this example have perfect information about the value

it
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tion.. We shall consider two distributions of the liquidity traders: preference
parameters p: the case where p equals 0 or co, each with probability one-half,
which is the case of perfectly inelastic liquidity supply and demand, and the
case where p is uniformly distributed on (0, 2). Zo Emoubmcou arrives exoge-
nously during the trading period.

The inelastic demand case serves as an Eﬁaaacbm Uoﬁngﬁw ,;o uniform
case is richer in the range of phenomena that can arise. In particular, it allows
the logical possibility that markets may shut down on one side (trader’s buying
at the ask) but not the other, since the liquidity trader’s %Embm is elastic at
high prices but their supply has unitary elasticity at all prices.

Let the proportion of insiders in the trading population be designated by the
parameter a. For these examples, we assume that insiders arrive independently
of their realization of information, and hence the a priori @_,ogUEQ that any
particular trader is an insider is a. _

It is clear that with our standing assumptions EE in Em mvmnunm om adverse
selection the price would be the expected value E. Suppose that the ask price is
set at 4 (where A <11) and that the next trader is an insider who wants to buy
at that price. Then the specialist will lose 11 — 4 to the insider. The event just
described will occur with probability ar, since the event that the buyer is an
insider is independent of the value of V. The probability that a liquidity trader
will buy at an ask price of 4 is precisely the probability that the preference
parameter p exceeds A/E, which in the inelastic case is 0.5 and in the uniform
case is 1 —A/(2E). So the specialist’s break-even oo:&.:cb in the inelastic -
case is the HEmE. n@:mcou AE A),

| ni:ivuo.mcéféy hangs (8)

and in the :Enonu. case G Em quadratic .aacmmop ‘
ar(ll—A)=(1-a)[1-4/QE)(4—E), - — . (9)

provided A <2E. The smaller root of the quadratic equation is the relevant
one here, since Em ask price is the ?Emﬁ price at which the mﬁao&:mﬁ cmmmw,m
even. = ;

>m5:_mm EmEumE mroﬂm Emﬂ Em wa vuoa H.On En Eo_mmnn ommo moram Em
HEmmm equation

n. :f
; taqmow nxmn&ﬂon is »vvnoanﬁn
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We have described how the specialist in this model determines a bid and ask
price as a function of the parameter « and his beliefs 7. To complete En.
description of his dynamic behavior, it only remains to show how = changes as -
a result of market behavior. We let =+ denote the posterior beliefs of the
specialist after a trade has‘just occurred. These posterior beliefs also serve as
the prior beliefs for determining the bid and ask prices for the next trader. =
is determined from Bayes’ Theorem using the formula

[#*/(1—77)] =

where Factor is the likelihood ratio whose numerator is the probability of the
trader’s action given that =11 and whose denominator is the probability of
the action given ¥ = 1. Note that Factor may depend on the action S.me the
bid price, the ask price, 7 and «, as well as on the model used — uniform or
inelastic.

For any given model and any value of the parameter a, the nnmommuo:m
variable 7 determines the expected value E, the bid and ask prices B and 4,
the spread, the ?.ovmvEQ that the next trader will buy or sell, etc. Then, from
the formula for #* above, it is clear that the stochastic process of values of m
over time is a Markov process; given the current value of =, its future
distribution is independent of its history. Moreover, since , is a o.ou&:mﬁm.w
probability given all information up to time 7T, the Markov process is a
martingale. In addition, in the inelastic case, log(m (1 — m)/ (1 — )/
log(1 + ) /(1 — a) is, given ¥, a random walk whose value is the mnocEEmﬁm
excess of purchases over sales by arriving customers.

Let us mmw that “nearly all of the insider information has been assimilated i in
the prices” when we reach the point where /(1 — ) <1/0dds when V' is low
or m/(1 —m)> Odds when V is high. For the case of ﬁa&nﬂ@ Em_mmno
demand, one can show? that the expected number of trades that must. SWm
place before nearly all information is Ho<mEna is mﬁwwogwwmq ;

log(0dds) +(1 — mlog(mo/(1 = 7))
alog((1+a)/(1-a))

For small values of a, (12) is m@ﬁaoﬁﬂmﬁ& proportioned to 1 \pu Zmo »oH
small values of « and for any =, the size of the spread determined in (8) mnm
(10) is muvwoﬁn_wﬁ&_ Eowoﬂﬁn& to a. Thus, the effect of doubling a w.onr
say, 0.1 to 0.2 is roughtly to double the spread at each level of and to &Smn
_uw moE. the ﬂBm taken until nearly all insider information has been mmmEEmSm.

[#/(1—7)] Factor,

Yt >

s w,H._un m_.oo uses é&n.« _Q-EE mnwE.wﬁa‘ for the cases V=1 and w\u 11

‘becaise (log(0dds)~ og{mo/(L = (m)))/log{(1 ¥
and’ EQ&R@ + rum?.n\ﬁ l.ﬂovvv \Emﬁﬁ +a)/(1 lnvv may not _uomu be Eﬁmﬂn’
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£:0f ‘course, the spread after nearly all insider information has been assimi-
lated is‘mearly zero. So, if enough trading occurs in the period of interest to
assimilate information for either value of «, then the expected average spread
over. the period for the case a=0.1 would be about twice that for the case
a=0.2, but the expected squared total spread would be about the same for
both “cases.  Thus, ‘given plenty of - trading volume, one can make strong
statements about the expected.squared total spread without knowing anything
about the fraction of insiders a, but statements about the expected mean
spread require that extra information. This formal analysis is example specific,
but it does accord nicely with Proposition 3, which derives a bound on the
oxm.nﬁmson om spread squared times volume ﬂEor is independent of the
Eovonuou or arrival pattern of insiders.

When'« is small, simulation results for the uniform case are not dissimilar
from those for the inelastic case. This is as might be expected, since for small «
the ratios 4/F and B/E which enter into the break-even equations are
mwﬁaoﬁﬁmﬁ_w ‘equal to 1. mzdmaambm 1 mon these ratios yields precisely the
m@:mﬁonm of the inelastic case.

As a grows larger, however, the spread can become so large as to deter most,
and a<muEm_.€ all, potential liquidity buyers. In the numerical example at
rmﬁa if a=10.3, then there is no ask price at which the specialist can break
even [as evidenced by Ea fact that the annEEmE of the quadratic equation
for A4, Gv is uomwn:a_

‘In this example, there is still a bid price at which both insiders and liquidity
traders will trade and the specialist will break even. It is a feature of our
omeﬁHo that the demand function of liquidity 1 traders is quite elastic for high
ask prices but the msﬁUG function has unitary elasticity. For such cases, as we
no:& in Em EaSo:m mnncoF BE.WQ vmmmwaoﬂ.ﬁ AOb Ea m:ﬁw@ side) can
nnﬁu. occur.”'"

“Of course, S\ nwooﬁum .P Eo HEE&Q vEmBnﬁmn to be cEmonB@ &mmn_u-
uted on (0.5,1.5), one can create an example in which both sides of the market
break down for large values of « and _intermediate values of the prior
expectation. When a market breakdown mo,wm onnE. in this model, since we
have assumed stationarity and no exogenous flow of information, the problem
will persist. The market will remain closed indefinitely. As we observed in the

En.o&ﬁoﬂou mnm ﬁomm&EQ mﬂonm@ mcm.moma EE En qmmEm EmEEEE we

.H.wn h fo“mmﬂ Emo:mm& in Em previous section ‘is ‘based on ‘2" ﬁE&nEmm
‘norm: EE Q a&aﬂmﬁo Luno& that was, Bm&mﬁmﬁn&@ convenient, ,:um

ik b T LR i TRV L 1) :xnn..qbwmsfds TS TR

..ku p, OH ouo.

.\J\an
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economic interest is the following: the reservation price of an individual
arriving at time ¢ is Z;* given by Z* = exp(r,(T, — t))Z, where Z, is as defined
in the previous section, and Tj is the time of the informational event. The
parameter 7, may arise from other unmodeled market opportunities and
depends only on time, not on any personal characteristics. The zero profit
condition for the specialist now becomes a zero excess return nozanu and
may be stated as (if solutions exists):

= exp(—r,(Ty — t))E[V|S*, Z* > 4*],
(13)
Bx =exp(—r,(T,— 1))E[V|S*, Z* < BY].

Since the market now being described is merely a renormalization of the one
described in section 2, it is straightforward to show that A¥ and B/* are given
by A¥ = exp(—r(T, — Svh: < = exp(—r,(T, —t))B,, where 4, and B, satisfy
(as mcoS&

"mﬁﬁ\_-w.:NhV\»L_ W_ﬂ“mm.__.\_.m‘tNaAmL.

To insure that outsiders have an incentive to be involved in the market, the
following hypothesis is offered. Let = be a holding period. The axﬁmﬁma gross
holding period return of someone buying at time ¢ and holding for 7. periods
of time is E [BX []/A¥. It is assumed that at any time ¢, E,[BX .]/Af =¢€",
where 7 is an exogenously given rate of return. Although this is implicitly a
hypothesis about the exogenous variables, it is stated in terms .of  market
parameters and appears to be testable. The variable i might be taken to be a
required return consistent with the risk of the stock. The important limitation
such a condition imposes on the data is that i be unrelated to the EmmEEmo om
the spread and constant through time. In effect, this assumption defines rod
Since B , is a function of 7, and A is a function of 7,, a terminal nOb&SOb
and the above expected holding period return nomacom will define 7.i{The
?.com of Em H.omoﬁnm Eowom_noc is tedious, mnm is Hm_nmm:& toan’ w@ﬁnb&x; 5

e ) 341 ...,.m:;.M:CO Q.Ju
m.wqhoﬁzoz Q hﬁ Sm mkhm&m& ﬁm&ﬁn?__m return &w an ::E\mwﬂ& trader-.over
the normal holding period be i, ize., E,[BY. ;/A*]=¢'" for all 1 Assume, that
a\nmw the S\ogzazam mcmﬁ at Hu. -\ @mn@ﬁ&. 5§§ 50 SE .\.E. t mwﬁac 274 a._w

.M-

OStoll and ,SEQ (1983) haye shown that transactions costs including the bid-ask spread u

.,M_quyom\ewﬁl Lo

ﬁwa.E part of the*small' firm" effect.” ,Hdﬂn,.mbm.@ma makes ‘use ‘of ‘4 “holding peri

uvoem& hererigsudniigde: bvn&umnw i Em.t%a & @m B
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B =Ve "To==7) (je 1, . =ifort €[T,—,Ty)). Then r,, the discount rate
at t, is the normal return i plus a premium, R RN TS ICTT LA oo T

.J.“‘....‘.... :.. 1 .. T e

L n=i (1) /(T= Dlog(k,),

where

<1

— 4

1/(n+1)
2X8 Am T Bz . ?i_::
nna ! »An \A_I.q ..A.?f:.a

and

t+nre[Ty—1,T,).

The discount rate applied at time ¢, r, has a particularly interesting
interpretation. Notice that (1/k,) is the expected geometric mean gross return
per T units of time earned by an investor that follows a strategy of buying and
selling every r periods of time in a market with no discounting. The log of this
is thus the continuously compounded expected return from such a strategy.
Obviously, such a return is negative. Recall from the definition of 4, and B,
that the specialists sets the bid and ask so that on average what he loses to the
informed is made up by what he gains from the uninformed liquidity traders.
Thus, (n + 1)/(T, —t)log(k,) (a positive number) is, in return (per unit time)
terms, what the uninformed on average lose to the informed. Thus, r, repre-
sents the expected holding period return, i, plus the return that the cEnmomea
anticipate losing to the informed. Note that r, depends upon the holding
period . In particular, n +1in Proposition 6 is mﬁvmogmﬁm@ Gao - D \q mma
rmnnn r, is approximately i + (1 /7)log(k,). ~ “ivic i

- The above proposition, with i specified exogenously, nwommm ﬁ_o Boamm in Em
sense that Z*, A¥, B* are now specified. The resulting’ price process will be
{ p¥}with pF=e=" 51; . where p, is as specified in section 2. The observed
holding period return will be Fi\,&*. If Ty=1 is large relative 8 T, then 7,
and r,;Zwill be approximately equal, in which case p | /p*'will be 0n average
.approximately equal to e””. The observed 3:55 will be larger than i, the
hypothesized holding period return, since pf, ;> B; %-and pF.< AY;and hence

Pl /Pl Bl JAY:, which is equal to e”:in expectation.'That ‘is; returns
‘calculated by observing transaction prices will always be'at least as ‘Jarge as the
returns;that one could realize by buying at time # and selling at time £ +.7.

B, On the other hand, it is easy-to see that the existence of a wiummw mwnnmn is

P e Y mm.: it e ::l:m:n»w wek ERORY alp N

Eﬁoﬁmﬁ ﬁmnuau

B o A AR ..mnEuLQ i 103 A JL.&

-amortized. over
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of the retyrr that can be realized long-term is

mAINV _el[et ke PV
; n .\M”w ! L ‘h.n* .hu* . ha*.*.azlc._. .ﬁn*.r:._.
— m ,.»n.v|_”r h_”_.q - @n*._‘:._. ﬂ\
__u xﬁ” .ﬁ_w., ﬁa*.TA:lCﬂ .ﬁu*+=._.
"m A(N_Pv .—th.fq ... »Gh*.fa._. vV AHL.W
‘ \ma .h&.* . ﬁa*+?_lc._. ﬁn*xvuﬂ

Since p, < A4,, the above expected return is less than the observed return. If
T,— ¢ is large, however, then (p,/4,)"/7* will be close to one, and the
_cum term per period mean return will be close to the observed QHOE Ea
transaction price sequence) per period return. :

These observations may provide some insight into such mboBm.:om as Ea
‘small firm effect’” and the ‘ignored firm effect’. In both cases it may be
reasonable to conjecture that informational differences between market par-
ticipants may be significant. In the case of the small firm effect, it may be the
case that insiders hold a larger proportion of the stock. As the results in section
2 show, this will indicate (other things equal) a larger spread earlier in the
period of time when there are informational asymmetries, and hence a larger
divergence between r, and i. In the latter case, the lack of public reporting ona
firm may imply that there is a larger informational difference between insiders
and outsiders. This will also mean a larger spread and hence a greater
difference between r, and i. The above results suggest that the measured
‘excess returns’ are not realizable in a short-run basis. Rather, the spread,
which represents the expected loss of the uninformed to the informed, leaves
an outsider with a ‘normal’ rate of return. In the long run, returns will indeed
be larger on average, but these higher returns can ob@ be _.mm_ﬁmm ww ‘c&Em
and holding.

5. no=n_=m.c=

iy
We have MEEVR& a model of a securities market in which Sa E.E.&.%
traders over time is accommodated by a specialist. Adverse selection, by itself,
can account for the existence of a spread between the ask and bid prices and
the average magnitude of the spread depends on many parameters, Em,wm@&bm
a_.“mw;oxommnocm arrival patterns of insiders and liquidity traders, the n_nmﬁ..

supply.and. moEEa mBou.m wnE&Q ﬁmmna and the nEmb et

S
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“-held by insiders. Furthermore, the transaction prices are E,mogmgo and
*" hence spreads tend to decline with trade.

We do not claim that adverse selection is the sole source of the bid—ask
spread. Even if there were free entry into the specialist and hmo@ trading
business, the expected profit of a specialist need not be zero<- or even
constant — from trade to trade. Free entry and risk neutrality can only iraply
that the expected profit of a new entrant, net of inventory holding costs, the
opportunity cost of the entrant’s time, etc. must be zero [Phillips and Smith
(1980)]." However, the spread from such sources has a qualitatively different
effect on the serial correlation of price changes, and the correlation coefficients
can be used to determine the relative magnitudes of the sources of the spread.
‘Moreover, the average spread from sources other than informational asymme-
tries declines as one over the average volume of trade, whereas the average
spread from adverse selection need only decline as one over the square root of
the average volume of trade. :

The spread can be important both because of its welfare implications, which
we have hinted at but not fully analyzed in this paper, and because it offers a
potential explanation of the measured excess returns on small firms just after
their fiscal year ends. To the extent that these fiscal year ends differ from the
tax years of investors in small firms, this explanation is distinguishable from
explanations based on the tax consequences of investing.

>Evm:a~x.ﬁ-.ccn of Proposition 6

First ooumamn te[Ty—r, HL Then

H\. : _” +._.\VA*~ |0I_Q.n t— .Cﬁm. _”w~+q_\olﬁn.ﬁol__sv
il

1 Ll
mSL\L

T, HL mcwmomm ‘

i Fe 2 () Ty~ £ ) og(,1).
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and
1 A ;
=i+ ~Omﬁ 4 v
© Lt P\E[B,. /K]
\ 1 1/To—t
=i+ log A v ,
m _Hmu.fa\\m ~+._._
Now,
E LW~+.~ 1 ! =E ;Wq..rﬂm .Wi.m._. .W~+A=+5._.
! \Ah \ﬁa.Tﬂ ‘ mn T nATrq. \Mm._.a._.
= m m:.._. WT..N.,. . W~+Aa+5qu_
.. .\—a .\m:iﬂ .mhif:,_.
=(/k)" <
since

E ml.tﬂivq <E m.mi.f:; . P r <1
k+nr| T | =B = =1
sl kmn+kﬂ ! T ..A«.fk._. L‘Ah+k4

Thus, r,=i+ ((n+1)/(T,— t)log(k,). The (backwards) induction argument
shows that r, is as claimed. Q.E.D.
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