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Abstract
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exogeneous utilitarian ordering that evaluates riskless options by the sum of indi-
vidual utilities and we show that any social observer who obeys the conditions of
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1 Introduction

First acclaimed as pathbreaking contributions to social ethics, Harsanyi’s Impartial Ob-
server and Aggregation Theorems (1953, 1955) were later criticized by Sen (1977, 1986) for
being hardly relevant to the field. Using ethically loaded postulates, such as the so-called
Acceptance principle (in the first theorem) or the standard Pareto principle (in the second
theorem), along with a von Neumann-Morgenstern (VNM) apparatus of expected utility
for both the individuals and the social observer (in either theorem), Harsanyi shows that
the observer’s VNM utility function equals a weighted sum of individual VNM utility func-
tions, and then claims to have grounded utilitarianism in a new way. Not questioning the
formal validity of the theorems, Sen objects to their interpretation. For him, Harsanyi’s
first theorem is "about utilitarianism in a rather limited sense", and his second theorem,
while more informative, remains "primarily a representation theorem" (1986, p. 1123-4).
To summarize bluntly, he discards the first theorem and salvages only the mathematical
achievement in the second; neither has to do with utilitarianism properly (see also Sen,
1974 and 1977).

Economists have always been divided on the merits of utilitarianism as a redistribu-
tive doctrine, and those who would have rejected it anyhow on principled reasons tended
to endorse Sen’s critique without further examination. At the same time, those who were
working on utilitarian lines, whether out of ethical conviction or for mathematical con-
venience reasons, did not make much effort at responding to it. Sen’s critique became
better known after Weymark (1991) surveyed the "Harsanyi-Sen debate", but this ac-
count of the two positions, although seemingly favouring Sen’s, did not bring the issue to
a close. More inclined towards Harsanyi’s position, Mongin and d’Aspremont (1998), and
more explicitly Mongin (2002), proposed buttressing it by a cardinality argument, but this

sounded like too direct an approach. All in all, Sen’s critique has remained underdiscussed



analytically, and the point of the present paper is to confront it with a completely formal
response. Limiting ourselves to the Aggregation Theorem, we will enrich its assumptions
to the point where its conclusion can be given utilitarian sense, so that Harsanyi’s attempt
at grounding utilitarianism on VNM theory will appear to be incomplete, but not flawed.
It is essential to the interpretation of our result that it be properly located in the context
of the "Harsanyi-Sen debate". That is, if it succeeds at all, this is by taking care of Sen’s
critique, not in grounding utilitarianism per se.

Like Harsanyi in the Aggregation Theorem, we suppose that individual preferences
satisfy the VNM axioms on risky alternatives, i.e., lotteries. Unlike him, we assume that
there already exists a social observer who has formed social preferences on sure alterna-
tives according to the sum rule of classical utilitarianism. Positing such an exogeneous
utilitarian benchmark seems to us to be the only way of ascertaining whether or not the
Aggregation Theorem is relevant to utilitarianism, and the version of the doctrine we need
to avoid any circularity can only be that which prevailed before Harsanyi’s reform, i.e.,
classical utilitarianism, as in Bentham, Jevons and Edgeworth, which was unconcerned
with risk and uncertainty. Sen precisely points to this direction when he complains thus
about the theorem: "There is no independent concept of individual utilities of which so-
cial welfare is shown to be the sum, and as such the result asserts a good deal less than
classical utilitarianism does." (1986, p. 1123, our emphasis).

Once the classical utilitarian observer is made explicit, it is consistent with Harsanyi’s
purpose to assume that this observer’s representation can be extended to lotteries so as
to satisfy the VNM axioms, and that the VNM extension so obtained satisfies the Pareto
principle with respect to the individuals’ VNM preferences. These conditions are precisely
those which the Aggregation Theorem imposes on any social preferences, so that it would

be strange if Harsanyi did not regard them as being applicable to utilitarianism. With



this assumption, we are able to show that the utility functions that appear in the classical
utilitarian sum must also be VNM representations of the individuals’ VNM preferences.
Once this is proved, it is a short step, using the initial theorem as a lemma, to derive that
any social observer (i.e., without any prior commitment to utilitarianism) who satisfies
the VNM and Pareto conditions must rely on a weighted sum of the utility functions just
said, and thus comes close to obeying the utilitarian benchmark. Admittedly, we do not
show that the social observer give the individuals equal weights as this benchmark does.
However, weighted utilitarianism, as d’Aspremont and Gevers (2002) label it, already goes
a long way towards utilitarianism proper.!

This new result is presented here in several variants. The salient one, Theorem 1, is
concerned with sure alternatives and uses the extension to lotteries only as a convenient
demonstrative tool. It also specializes the sure alternatives, taking them to be allocations
of commodities in a standard economic framework. However, since social choice theory
and - under its influence - today’s social ethics often envisage abstract domains, we add
Theorem 2, in which the sure alternatives are unspecific and lotteries become the primary
objects of social evaluation. Harsanyi’s (1955, 1977) formal exposition actually privileges
this approach. We doubt that classical utilitarians would be at ease with it, but some
20th century utilitarian followers of Harsanyi clearly are (e.g., Hammond, 1982, 1996;
more review in Mongin and d’Aspremont, 1998). Both results assume for simplicity that
the utilitarian benchmark is defined on a full-dimensional individual utility set. This

includes a diversity of preference assumption that lacks in generality, so the appendix

"Weighted utilitarianism has been explored in connection with Harsanyi’s other theorem by Mongin
(2001), and Grant, Kajii, Polak and Safra (2010). Weighted sums have also been used to evaluate social
states in generalized forms of utilitarianism, where the weights obey specific normalizations and do not
only depend on the names of the individuals; see Karni (1998), Dhillon and Mertens (1999), and Segal

(2000).



states the more technical Theorem 3, which generalizes Theorem 1 by requiring a weaker
dimensionality assumption.

In sum, we argue that Harsanyi correctly felt that VNM theory could support utili-
tarianism, but the full argument, which he did not provide, involves defining utilitarianism
exogeneously. Sen’s critique allusively suggests this solution, which we carry out axiomat-
ically.

Section 2 develops Sen’s objections in some technical detail. Section 3 sets up the
formal framework with the economic assumptions needed for Theorem 1. Section 4 states
this result and its lottery variant, Theorem 2. Section 5 briefly discusses how the weighted
utilitarian conclusion can be escaped. The appendix explains the mathematical tools and

states the more general Theorem 3.

2 Just "representations theorems"?

Sen objects as follows against the use of VNM utility functions for utilitarian purposes:
"The (VNM) values are of obvious importance for protecting individual or social choice
under uncertainty, but there is no obligation to talk about (VNM) values only whenever
one is talking about individual welfare" (1977, p. 277).
This is but an expression of doubt, but later Sen argues more strongly:
"(Harsanyi’s theorem) does not yield utilitarianism as such — only linearity... I feel sad
that Harsanyi should continue to believe that his contribution lay in providing an ax-
iomatic justification of utilitarianism with real content." (1977, p. 300).

Here it is again with some detail (this comment was intended for the Impartial Ob-
server Theorem, but if it applies there, it also does the Aggregation Theorem):
"This is a theorem about utilitarianism in a rather limited sense in that the VNM cardinal

scaling of utilities covers both (the social and individual utilities) within one integrated



system of numbering, and the individual utility numbers do not have independent meaning
other than the value associated with each "prize", in predicting choices over lotteries.
There is no independent concept of individual utilities of which social welfare is shown to
be the sum, and as such the results asserts a good deal less than classical utilitarianism
does" (1986, p. 1123).

In other words, VNM theory provides a cardinalization of utility, both individual
and social, which is relevant to preference under uncertainty, but prima facie useless for
the evaluation of welfare, which is the utilitarian’s genuine concern. Of course, classical
utilitarianism also presupposes that individual utility functions are cardinal, but there is
no reason to conclude that these functions belong to the class of cardinal functions that
VNM theory makes available on a completely separate axiomatic basis.

There is another claim in the passage, but it is more subdued, and a comment by
Weymark brings it out well:

"No significance should be attached to the linearity or non-linearity of the social wel-
fare function, as the curvature of this function depends solely on whether or not VNM
representations are used, and the use of such representations is arbitrary" (1991, p. 315).
That is to say, VNM theory deals with preferences taken in an ordinal sense, and it is
only for convenience that one usually represents them by means of an expected utility.
It is theoretically permissible to replace an individual’s VNM utility functions by any
non-affine increasing transform, and if one would do so, the social observer’s function
would not be linear anymore, but only additively separable, in terms of individual utility
numbers. That is, it would read as v = ¢ o (3, ;" o v;), where v, v; are the chosen
increasing transforms of the social and individual VNM utility functions, respectively,
and ¢, ¢, are the corresponding transformation mappings. This line of criticism offers

another interpretation of the claim that Harsanyi proved no more than representation



theorems (see Weymark, 1991, p. 305).

Some definitions and notation, which anticipate on the framework of the next section,
will help formalize the two objections. If 7~ is a preference relation on a set S and w a
real-valued function on S, we say, as usual, that w represents 7~ on S, or that w is a wtility

function for =~ on S, iff for all x,y € S,
Ty <= w() = w(y)

We are in particular concerned with preference relations on a lottery set L. There is an
underlying outcome set X, and by the familiar identification of outcomes with sure lotter-
ies, X C L. If a preference 77 on L satisfies the VNM axioms, the VNM representation
theorem guarantees that there exists a utility function u for 77 on X with the property
that the expectation Fu is a utility function for - on L. Both u and Eu will be called
VNM wutility functions, a standard practice.

The VNM representation theorem also teaches that the set of those u’ for which Eu’
is a utility function for 7~ on L is exactly the set of positive affine transforms (PAT) of

the given u, i.e., the set of all au + g with a > 0 and € R. Clearly,
U ={pou | p positive affine transformation} & F = {p o u | ¢ increasing} .
By the same token, the set of utility functions for 7~ on L that take the form Fu' is
U'={p o Eu | ¢ positive affine transformation} ¢ F' = {p o Eu | ¢ increasing} .

In all existing versions (see Fishburn’s 1982 review), the VNM axioms define an ordinal
preference concept, and thus do not by themselves justify selecting a representation in
U or U’ rather than F or F'. This basic point has led to repeated warnings in decision
theory throughout the years. It is perhaps more likely to escape attention in the present
collective context, whence the usefulness of Weymark’s reminder, as we may call it by

referring to the above quote.



As Sen’s baseline argument involves comparing the Aggregation Theorem with classi-
cal utilitarianism, we now introduce this formally. A social observer obeying this doctrine
must endow the individuals ¢ = 1, ..., n with welfare indexes v} on X that meaningfully add
up, i.e., the imputed v} must be both cardinally measurable and comparable. Accordingly,

this observer’s rule is represented by any element of the set:
C = { Z ©; ou; | ¢, common positive affine transformations (same a)} .
i=1

(For a similar treatment of utilitarianism in social choice theory, see Sen, 1986, and
d’Aspremont and Gevers, 2002.)

With the definitions just given, it is impossible to conclude that v} € U;, the set of
i’s VNM representations on X, or that >, u; € C when (uq,...,u,) is a vector of such
representations. Since VNM utility values do not have to measure utilitarian welfare,
if Harsanyi proves that the social utility function is a sum of individual VNM utility
values, this says nothing for utilitarianism. The gap remains even if one makes the
reasonable assumption that u} is a utility function for -, on X, for this is not sufficient
to deliver cardinal equivalence with u;; that is, one only gets u; € F;, the set of ¢’s general
representations on X; and similarly, the assumption does not make ) . u; (or any weighted
variant of this sum) a member of the set C. This formal point is the most important one
we read in Sen’s quotes, so we will refer to it as to Sen’s point.

In sum, two related, but distinct problems stand in the way of Harsanyi’s utilitarian
interpretation of his results. It has been noted in the literature that these problems would
vanish if one could ground the utility functions u; and «; on a common basis of cardinal
preference, assuming that cardinal preference can formalized properly. Indeed, if the util-
itarian cardinalization rests on a genuine preference basis and the VNM cardinalization
can be reduced to that basis, this cardinalization escapes irrelevance (pace Weymark) and

it coincides with the welfare interpretation needed for utilitarianism (pace Sen).
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Technically, this approach relies on defining cardinal preference to be a relation on
pairs of sure alternatives, i.e., (z,y) Zf (z,w), and assuming that such comparisons
of preference differences are made in coherence with u;. Then a connecting axiom is

introduced to ensure that the VNM cardinalization w; is also coherent with ~=F. This

axiom will imply that for all x,y,w, 2z € X,

(1/2)ui(x) + (1/2)ui(y) = (1/2)ui(2) + (1/2)us(w) iff

ui () = ui (2) 2 wj(w) —ui(y). (%)

Mongin (2002) develops this strategy, which was already suggested, but without axiomatic
detail, by Weymark (1991, p. 308) and Mongin and d’Aspremont (1998, p. 435).2

While this approach makes Harsanyi’s position logically consistent, it is question-
begging as an argument for his position, because the connecting axiom is too direct a way
of getting the problematic equivalence (). Moreover, for most economists, preference is
an ordinal concept by definition, as it is tightly connected in their eyes with choice, which
they view as being itself an exclusively ordinal concept. There is no evidence in Harsanyi
that he meant to depart from this tenet.

In this paper, we dispense with (%) or its axiomatic counterpart, and we use an
indirect argument instead. As will be seen, it also takes care of both Sen’s point and

Weymark’s reminder.

3 The framework

We consider a set X C R™", the elements of which are potentially feasible allocations of m

commodities to the n > 2 individuals. Departing from basic consumer theory, which takes

2Harvey (1999) goes to the extreme of the present reinterpretation in dispensing with VNM theory

altogether and basing a revised form of the Aggregation Theorem on cardinal preferences exclusively.



X = R, we do not require X to be a Cartesian product.> We require connectedness,
which is much less restrictive than convexity.

Assumption 1: X is a path-connected subset of R™".

The VNM apparatus can now be introduced formally. Concerning the social observer,
all axiomatizations of VNM theory in expectational form work; take any one in Fishburn
(1982). However, concerning the individuals, we need continuous VNM utility functions, a
property which these systems do not normally provide, so we turn to Grandmont’s (1972),
which was set up for that purpose.

Define B(X) to be the set of Borelian sets of X, i.e., the o-algebra generated by
the open subsets of X, and take the set L = A(X) of all probability measures on the
measurable space (X, B(X)). By a standard assumption, this set is endowed with the
topology of weak convergence, which makes it a metric space. Now, a continuous VNM
preference relation - on L is by definition an ordering that satisfies two conditions (as

usual, we write p ~ ¢ and p >~ ¢ for the symmetric and asymmetric parts of 7).

(Continuity) For all p € L, the sets

{pel:p=-p}tand {pel:pry}

are closed in L.

(Independence) For all p,q,r € Land all A € (0,1], p ~ qiff A\p+(1=X)r ~ Ag+ (1= N)r.
Grandmont’s Theorems 2 and 3 (1972, p. 48-49) apply to X and L as special cases.

They ensure that there is a continuous and bounded utility function u(z) for 7 on X such

that the expectation v(p) = Fu(p) is a utility function for 7~ on L. It is also the case that

v is continuous, and that the set of v’ such that 7 is represented by Eu' is exactly the set

3A Cartesian product is ill-suited when the list of commodities includes public goods or services
exchanged between individuals, so that individual consumptions exhibit technical dependencies. Even in

the case of private goods, it may be inappropriate if X takes the availability of resources into account.
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of PAT of .

Assumption 2: Each i = 1,...,n is endowed with a continuous VNM preference
relation 7Z; on L.

Now to the exogenous utilitarian social preferences. We fix a vector of functions on X,
U* = (uf, ...,u}), to represent the cardinally measurable and comparable utility functions
that a utilitarian social observer would associate with the individuals, and accordingly,

we formally define the classical utilitarian social preference ordering =* on X by

prty i S > 3 ),
=1 =1

We need two technical conditions on U*.

Assumption 3: For each i = 1,...,n, u! is continuous on X.

Assumption 4: The image set U*(X) has a nonempty connected interior U*(X)"
in R” such that U*(X) C U*(X)°, i.e., this image set is included in the closure of its
interior.

It would be equivalent to impose these assumptions on any collection of PAT ¢, o u}
having the same « for all i, so that they make utilitarian sense. Assumption 3 is mild and
standard, but Assumption 4 less so. In one respect, it simply complements Assumptions
1 and 3, which entail that U*(X) is connected, by a common regularity assumption. In
another respect, it requires U*(X) to have full affine dimension n.* This is not demanding
under standard microeconomic conditions. If there are private consumption goods, each
individual is concerned only with how much he consumes, and free disposal is allowed,
then throwing away someone’s allocation will change his utility without affecting the

others’. However, if there are only pure public goods, Assumption 4 requires sufficient

diversity of individual preferences, and for instance, no two individuals can be alike in the

4The affine dimension of the set U*(X) is the linear dimension of the translated set U*(X) — g for

any choice of ¢ € U*(X). A full affine dimension excludes that any of the u; is constant.
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utilitarian observer’s eyes.
Finally, we relate the utilitarian and VNM halves of the construction to each other.
Assumption 5: For each i = 1,...,n, u} is a utility function for 77; on X.
Crucially, this imposes no more than ordinal equivalence on u! and u;, whereas cardinal
equivalence may not hold between them; if we assumed the latter right away, we would
in essence fall back on the equivalence (k) of last section.
That u} and u; are ordinally equivalent means that u; = f; o u; for some increasing
function f; on u}(X). Actually, in view of the previous assumptions and the following

lemma, each f; must be continuous.

Lemma 1 Suppose that g and h are continuous real-valued functions defined on some
path-connected set X and f is an increasing real-valued function such that h = f o g;

then, f is also continuous.

(We skip the proof of this fact. A stronger form, which does not require f to be increasing,
can actually be established; see the working paper version of this article.)

We complete the groundwork for the next section by stating a functional equation the-
orem due to Rado and Baker (1987, Theorem 1; see also their Corollary 1). These authors
actually formulate it for n = 2 but it extends to the general case, as the appendix shows.’?
Let T" be an open connected subset of R", n > 2. Define T}, = Z Zi | (71, ey 2n) € T}

=1

and T; = {z; | (21,...,2,) € T}

Lemma 2 Suppose that f : T — R and f; : T; - R, i = 1,...,n satisfy the equation

f(z z;) = Zfz(zz)

i=1

’Rado and Baker’s results are also reported in Aczel (1987, p. 80). When restating Harsanyi’s Aggre-
gation Theorem for state-contingent alternatives, Blackorby, Donaldson and Weymark (1999) use them

for the same reason as we do here, i.e., they do not impose a Cartesian product domain on f and the f;.
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for all (z,...,z,) € T. Suppose that one of the f, f; is bounded from above or from below

i an interval of its domain. Then, there exist scalars a,by,...,b, such that

f(2) :az—l—Zbi,
i=1
fi(z) = az + b, i=1,..,n.

Notice that if one of the f, f; is constant, this sets a = 0, and the remaining functions
are also constant. Clearly, this case must be excluded if one is to make informative use

of Lemma 2.

4 Weighted utilitarianism

The Aggregation Theorem was first stated by Harsanyi (1955, 1977) and rigorously proved
and developed by later authors. The lottery set L and the VNM axioms in its statement
can be taken in all the ways covered by Fishburn (1982). The theorem relies on a Pareto
condition that can also be formulated variously. Given individual preference relations —;,
i = 1,...,n, and a social preference relation 7, all being defined on L, let us say that

~?

Pareto indifference holds if, for all p,q € L,
p~iq i =1...n=p~aq,
and that Strong Pareto holds if, in addition to Pareto indifference, for all p,q € L,
priq,i=1,.n&Ji:p=;q=p=q.

The Aggregation Theorem is often stated in terms of Pareto indifference alone, but here

we adopt a more assertive form based on Strong Pareto.

6 Along with further Paretian variants, it is proved in Weymark (1993) and De Meyer and Mongin

(1995).
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Lemma 3 (The Aggregation Theorem) Suppose that there are individual preference
relations 71, ..., 7=, and a social preference relation = satisfying the VNM azxioms on a
lottery set L, and suppose also that Pareto indifference holds. Then, for every choice of
VNM utility functions v, vy, ..., v, for 75,71, ..., n on L, there are real numbers aq, ..., a,
and b such that

V= Zn:laivi +b.

If Strong Pareto holds, there exist a; > 0,1 =1,....,n. The a; and b are unique if and only

if the vy, ..., v, are affinely independent.

The following assumption is the cornerstone of our conceptual and mathematical
argument. It takes the VNM and Pareto conditions that Harsanyi imposes on any social
observer to be valid for a lottery extension of the given utilitarian preferences on sure
outcomes. As stressed in the introduction, it is consistent with Harsanyi’s position to
offer the benefit of the two conditions to the utilitarian observer. Moreover, the Sen
critique, as we have delineated it, does not question these conditions by themselves, so
that we do not contradict it either by applying them here.

Assumption H: The utilitarian social preference ~* on X can be extended to a
preference —**** on L that satisfies the VNM axioms as well as Pareto indifference with
respect to the ;.

Our main result imposes the two conditions to an arbitrary preference relation 77 on
L as in the original theorem, but we get more from them owing to Assumption H: 7~ can

be represented on X by a weighted formula that makes utilitarian sense.

Theorem 1 Let Assumptions 1-5 and H hold. Then, for any preference relation 77, on
L satisfying the VNM axioms, if Pareto indifference holds between = and the =;, there
are unique constants a;, i = 1,...,n, such that the VNM utility functions for 7= on X are

> aul and PATs. If 77 satisfies the Strong Pareto condition, the a; are positive.
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Proof. Let u and w; be VNM utility functions for Z**** and 7=; on X, respectively.
From section 3, u; can be taken to be continuous, and there is no loss of generality
in also supposing that for some T € X, uw(Z) = 0 = w;(Z), ¢ = 1,...,n. By Lemma 3
applied to the corresponding VNM functions on L, there are constants b;, i = 1,...,n s.t.

Eu=73"" b;Eu;, hence by restricting this equation to X,

n
=1

There are increasing functions f;, f on the utility sets u}(X), > uf(X) s.t. u; = f; oul

and u = f o> "  uf, so that the equation becomes:

n n
foZu;‘ = Zbifiou;-k.
i=1 i=1

Since the left-hand side is increasing in every u}, and each of them is non-constant (see
fn 4), necessarily b; > 0 for all 7.

As X is path-connected, the f; are continuous by Lemma 1, and it then follows from
the last form of the equation that f is also continuous. Defining f! = b; f;, we rewrite the
equation as

o (o) - Sose

or

i=1 i=1

f (Z ) =" fi(z),
for all (21, ..., 2,) € U*(X) C R™
Consider the subset T = U*(X)°. It is a nonempty, open connected subset of R",

and f is continuous, so we can apply Lemma 2 to the functional equation by restricting

it to T'. It follows that there exist constants a and cy,...,c, s.t.
()Vz € Ty, f(z)=az+ ) a;
i=1
(2)Vz € T;, fi(z)=az+c¢,i=1,..,n,

15



where T',, T; are defined as in Lemma 2. Since none of the f, f; is constant, we have that
a > 0.

A stronger result actually holds:

(1N Vz e [U(X)].,, f(z):az—I—ch-,

@)Yz € [UX)],, fi(z) = az+cii=1,.m.

(2

To prove (1') from (1), take z € [U*(X)],. There is (z1,...,2,) € U*(X) st. 2z =
Sz As (21,...,2,) € T by assumption, there is in T a sequence (24,...,2%), | € N,
st. (21,00 20) = limy_ (24, ..., 2)) and 2z = limy o, >, 2., Now, since f is continuous

n =11

on [U*(X)]

+

n

£ = Jim £ = lim e > o+ —az+ Y
=1 =1 =1 =1

which establishes (1’). The proof of (2’) from (2) is similar.

Equation (1’) and the definition of f entail that, for all = € X,

(1) u(x) = aZuf(m) + Zci,

ie., uis a PAT of ) . ;. Similarly, for i = 1,...,n, equations (2’) and the definitions of

f! and f; entail that for all x € X,
(2") biui(z) = auf(x) + ¢;.

These equations show that the sets of VNM utility functions for 7—**** and 7; on X are
the sets of PAT of > | u; and u, respectively.

Now, take 7~ as specified and fix a VNM utility function Eu’ for 7~ on L. Lemma 3
can be applied to Fu', and for each i, some choice of VNM utility function for 7-; on L.

As the last paragraph has shown, this utility function must be a PAT of Eu}. Hence there

n
are real numbers a;,i = 1,...,n, and b s.t. Fu' = ) a;Euf + b, and by restriction to X,
i=1

n
u =3 au; +0.
i=1

16



It follows that the set of VNM utility functions for 77 on X is the set of PAT of > | au;.
The a; are unique because the u; are affinely independent by assumption. If 77 satisfies
the Strong Pareto condition, Lemma 3 entails that the a; are positive. m

Up to the penultimate paragraph, the proof consists in establishing that for each

individual preference —;

~1)

the set of its VNM representations is the set of PAT of u}. The
key point is that, by Assumption H and Lemma 3, the utilitarian ordering must be linear
in the VNM utilities, while, by assumption, it is linear in the w}. Therefore the two
additive representations of the utilitarian ordering on X must be related in such a way
that each u is itself a VNM utility. Using this fact, the last paragraph easily connects
the social preference 7~ with the u! in the desired weighted utilitarian way.

The equivalence statement (*) of the previous section amounted to assuming what
is proved here indirectly. Unlike (*), Theorem 1 is not question-begging because none of
its assumptions by itself entails cardinal relevance for individual VNM utility functions;
indeed, this follows only from putting all assumptions together. Furthermore, unlike
the argument based on (*), the assumptions eschew the notion of a cardinal preference
relation, which has no place in traditional economics.

The following proposition collects information on the utilitarian observer and the
individuals that the statement of Theorem 1 does not mention; see equations (1”) and
(2"), respectively. Notice that the last equations, when considered jointly, also say that

the individuals’ expected utilities are cardinally comparable.

Proposition 1 Let Assumptions 1-5 and H hold. Then, the set of VNM representations
of =** is the set of PAT ofEZ, u?. Furthermore, every Eu} is a VNM utility function

for z=; on L.

The previous results depend on putting economic structure on the set of alternatives

X, the individual preferences 77, and the individual utility functions «!, while social

~t
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ethics and social choice theory often discuss normative rules in terms of abstract domains
and preference properties. Sen refers to classical utilitarianism, which makes specific
assumptions in the style of economic theory, but Weymark does not, and in its original
version, Harsanyi’s Aggregation Theorem hinges only on the lottery structure of L =
A(X), regardless of what X may be. This motivates devising a variant theorem in which
the main assumptions directly concern L and utility representations on this set.
Consistently, this variant must shift the utilitarian benchmark to the lottery side.

The individuals ¢ = 1,...,n are now associated with a vector V* = (v],...,v%) of utility

o Up

functions on L that meaningfully add up, and the utilitarian preference ordering =* is
now defined on L by
p 2 qiff > vi(p) =) vi(g).
i=1 i=1

The v} function will have to represent 7=, on L, in the same way as u! earlier represented ~;
on X, but we will not assume that it is VINM, for this is precisely one of the things to prove.
Grandmont’s (1972) axioms for continuous VNM preference orderings are still suitable for
our purpose, and as his assumption for the set X is very general, we simply reproduce it
below. The previous analysis used the continuity of the u}, and the full dimensionality of
U*(X). Here we will similarly require the v} to be continuous, but shift the dimensionality
property from the observer’s utility set to the set of individual preferences. Formally, we
say that Independent Prospects (IP) holds with respect to >, ..., =, if, for all i = 1, ..., n,
there exist p’,¢" € L such that p* =; ¢' and p* ~; ¢*, j # i. This property is a preference
rendering of individual diversity, unlike algebraic independence conditions put on utility
representations.” The convex structure of L permits reducing Assumption 4 to (IP) alone.

Assumption 1’: X is a separable metric space.

T(IP) clearly entails that the utility representations of the »=; are affinely independent. If these repre-

sentations are VNM, (IP) is morever equivalent to that property; see, e.g., Weymark (1991, p. 272).
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Assumption 2 is unchanged.

Assumption 3’: For each ¢ = 1,...,n, v is continuous on L.
Assumption 4’: Independent Prospects holds of 771, ..., 72,.
Assumption 5°: For each i = 1,...,n, v} is a utility function for >Z; on L.
Our main assumption becomes:

Assumption (H’): The utilitarian social preference —* on L satisfies the VNM

axioms as well as Pareto indifference with respect to the ;.

Theorem 2 Let Assumptions 1°,2,3°,4°,5" and H’ hold. Then, for any preference relation
= on L satisfying the VNM azioms, if Pareto indifference holds between -, and the 7;,

there are unique constants a;, 1 = 1,...,n, such that the VNM utility functions for =~ on

L are ", a;v} and its PAT. If 77 satisfies the Strong Pareto condition, the a; are positive.

Proof. See the appendix. =

5 Conclusion

The normative import of our analysis lies with the conclusion, obtained in two ways, that
a social observer whose preferences on lotteries meet the two conditions of the Aggregation
Theorem must follow a weighted utilitarian sum rule ) . a;u} or ) . a;v}. That the a; may
be unequal is a weakness from the perspective of utilitarianism. However, the weighted
utilitarian variant has been defended for itself by some, and the measurement stage is
anyhow the decisive one on the road to the standard form of the doctrine.

By introducing a utilitarian observer, we have followed Sen’s suggestion that utili-
tarianism had to be defined independently, or else the results would bear no connection
with this doctrine. The exogenously given sums » . u} or > . v} provide the benchmark

for comparisons with the preference orderings studied in the theorems. Sen’s point ap-
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pears to be answered by the mathematical consequences of making the very addition he
recommends.

Perhaps less obviously, Weymark’s reminder about VNM utility is also taken care
of. Our assumptions on the u; or v; take them to be ordinal representations, but the
theorems invest them with a relevant cardinal meaning. Technically, non-affine ¢, drop
out from the social observer’s additively separable criterion >, ;' ou; (or >, i o)
that the Aggregation Theorem by itself only delivers. This crucial simplification occurs in
the proof as a result of Assumptions H or H’, when the two conditions of the Aggregation

*

Theorem are applied to the extension of ) . u!

¥ (or Y ,v}). See in particular Proposition

1.

To sum up, when the theorem is reconstructed, it provides an argument for its ethical
relevance. There seem to be only two ways to escape this conclusion. One is to reject
Assumptions H or H’, as if they were irrelevant to utilitarian social ethics. We have argued
that this rejection would be an inconsistent move for Harsanyi, and we do not see any
other utilitarian theorist who would defend it. The other, of course much more significant
move is to reject H or H” because the VNM and Pareto conditions are not appealing in
and of themselves. It has been argued that the VNM conditions are questionable for a
social observer (Diamond, 1967), and that the Pareto principle becomes dubious in the
risk context (Fleurbaey 2010), not to mention the uncertainty context, where this point
is now well taken. Weighty as these objections are, they come into play only if one has
disposed of the claim that the Aggregation Theorem had nothing to do with utilitarianism
as an ethical doctrine.
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7 Appendix

Proof. (Lemma 2) Assume w.l.g. that if f is not bounded on an interval, then f; is.
Denote by T;; the projections of T" on the i-th and j-th factors of R". Fix z* € T', and

consider the open subset of T7is:
Tia(2") = {(#1,2) € Tha | (21, 29, 23, ., 2) € T}

Define the set:

Tip(2")y = {21 + 24 | (2], 2) € Tha(27)},
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and the function on Tio(2*):
h:zy+2— f(21+ 25+ 25+ +20) — fa(zs) — .. — fu(2).

Consider some z # z*, such that T15(z*) and Ti2(Z)have non-empty intersection.
One checks that h is defined identically on this intersection, as the following holds for all

(Zi, Zé) < Tlg(Z*) N Tlg(z)i

fatzptzst.+z)—fs(z)— = f(2) = L(z)+fa(22) = f(R+a+as . +20) — fa(z") - = f(207)

Using the fact that 77, is path-connected (for a similar step, see Rado and Baker,
1987, p. 232), we conclude that h is uniquely defined on T, and that the following

functional equation holds on the whole domain Ty: for all (27, z5) € B(z1, 22),
h(z + 23) = fi(z1) + fa(22).

Since T}, is open and connected, and either h or f; is bounded on an interval, the Rado-
Baker theorem (more precisely, their Corollary 3) for n = 2 applies. Hence, the functions
f, fi, f2 are affine (with the same multiplicative constant).

The same argument can be reproduced for the domains 733, ..., 71 5, implying that

every f; is affine (with the same multiplicative constant). m

Proof. (Theorem 2) Let V = (vy,...,v,) a vector of VNM functions representing the
>~ orderings on L. Each v; can be taken to be continuous by section 3, and there is no
loss of generality in assuming that for some p € L, Y. v (p) = 0 = v;(p), i = 1, ...,n. By

Lemma 3, there are constants b;, « = 1, ..., n, s.t.

Z U: = Z bl'UfL
i=1 i=1
Applying Independent Prospects (IP) leads to

vi(p) = v*(d') = bi(vi(p') — v(a),
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hence to b; > 0, i = 1,...,n. There are increasing functions g; on v;(L) s.t. v} = g; o b;v;.
Lemma 1 can be applied because v} and b;v; are continuous on L, which is convex, hence
path-connected; thus the g; are continuous.

Define V' = (byvy, ..., byv,). The first equation becomes
Z 9i(zi) = Z Zi)
i=1 i=1
for all (z1,...,2,) € V(L) = Z. The set Z is is convex and has an non-empty interior in
R™. We can use Lemma 2 on T' = Z°, noticing that none of the g; is constant by (IP).
Since the f of this lemma is the identity function, g;(z) = z + ¢; for all z € T; and for
all i = 1,...,n, with >""" | ¢; = 0. The function g; is continuous on Z;, the projection of
Z on its ith component, and Z; C TT;, so an extension argument leads to ¢;(z) = z + ¢;
for all z € Z; and all i = 1, ..., n. Returning to the initial functions, we see that, up to an
additive constant, v; = v} /b; for i = 1,...,n. Hence the set of VNM utility functions for
2 on L is the set of PAT of v;.

The rest of the proof makes use of this finding when Lemma 3 is applied to 2~ on L,

following the pattern already used for Theorem 1. m

If we had postulated Assumption 4 instead of Assumption 4’, we would have derived
the (IP) property on =1, ..., >, by the following argument. From Assumption 4, there is
a vector U = (@,...,w,) € U*(X) and there are numbers &; > 0, i = 1,...,n, such that
for all 4,

=%

U. =@, ...a +¢,...,u") € U (X).

Take € X such that U*(z) = U , and for each 4, #' € X such that U*(z%) = U_,. Then,
by Assumption 5 and the fact that X C L, the definition of (IP) holds with p’ = z* and
¢ =x,i=1,...,n. The role of Assumption 4’ is only to save the generality of Theorem

2 by assuming nothing on the set of sure alternatives X.
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We now discuss how Theorem 1 can be revised to accommodate a less than full
dimensional utility set U*(X). Consider the effect of weakening Assumption 4 by requiring
that U*(X) have affine dimension k, with 2 < k& < n. By reindexing if necessary, we may
suppose that {uf, ..., u;} is an affine basis —i.e., a maximal affinely independent subset—
for {u},...,u’}. Then, by the argument of last paragraph, =1, ..., ZZsatisfy (IP). It follows
that, for any choice vy, ..., v, of VNM representations of 771, ..., 7, on L, the set {vy, ..., vy }
is affinely independent. However, {vy, ..., v} may not be an affine basis for {vy,...,v,},
and we can only conclude that the former set is included in such a basis {vy, ..., vy }, where
k" > k. This analysis motivates a more complex form of Assumption 4, which in effect
imposes that &' = k.

Assumption 4”.1: There is a subset of individuals, {ji,...,jx} C {1,...,n}, with
k > 2, such that {u’f ey u;‘k} is an affine basis for {uj, ..., u}}, and moreover, for no strict

J1?

superset {ji, ..., jw } does (IP) apply to Z;,,.

s

Assumption 47.2: U*(X) has a nonempty connected relative interior U*(X)" and

is such that U*(X) C U*(X)".
In the limiting case k = n, Assumption 4” reduces to Assumption 4. We are now ready

for a more general form of Theorem 1.

Theorem 3 Let Assumptions 1,2,3,47,5, and H hold. Then, the conclusions of Theorem
1 hold, except that the coefficient a; may not be unique, and even under Strong Pareto,

may be of any sign. The conclusions of Proposition 1 still hold.

Proof. The proof follows that of Theorem 1 in outline; the Working Paper version has
the full details. To show that even with Strong Pareto a; may be nonpositive, take n = 3

and B = {1,2} with

Uy = uj, Uy = uy, uz = uy + ug and uj = 2uj + 2u3,
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with u} and u} being unrestricted. Define =~ on L from the representation E(uy 4 us +u3).
By construction, 7 satisfies Strong Pareto and has a VNM utility function v’ = 2uj+2u} =
us on X. Now, if we put v’ = aju + aguj + asuj, we see that the coeflicients a; can be

chosen to be negative, e.g.,

! * * * * * *
w = 4u] +4uy — uy = —u; — uy + 1.5u3 .

A more general variant of Theorem 2 can be devised along similar lines.
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